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PREFACE

Your DUAL-BASE LOG LOG Slide Rule is a powerful modern design that
has many features not found on traditional rules. These features make it easier
to learn how to use the rule. They make it easier to remember the methods of
solving problems as they arise in your work. They give you greater range on
some scales, and greater accuracy in the solution of many problems.

If you are familiar with traditional slide rules, don't let the appearance of
the DUAL-BASE rule “scare” you. You will quickly recognize the basic features
of all slide rules as they have been improved in the design of this one. When
you have become familiar with your DUAL-BASE rule you will never again
be satisfied to use a traditional rule. The problems of today require modern
tools — better, faster, more accurate. Your DUAL-BASE rule is a modern tool.

A computer who must make many difficult calculations usually has a book
of tables of the elementary mathematical functions, or a slide rule, close at hand.
In many cases the slide rule is a very convenient substitute for a book of tables.
It is, however, much more than that, because by means of a few simple adjust-
ments the actual calculations can be carried through and the result obtained.
One has only to learn to read the scales, how to move the slide and indicator,
and how to set them accurately, in order to be able to perform long and other-
wise difficult calculations.

When people have difficulty in learning to use a slide rule, usually it is not
because the instrument is difficult to use. The reason is likely to be that they
do not understand the mathematics on which the instrument is based, or the
formulas they are trying to evaluate. Some slide rule manuals contain relatively
extensive explanations of the theory underlying the operations. Some explain
in detail how to solve many different types of problems —- for example, various
cases which arise in solving triangles by trigonometry. In this manual such
theory has deliberately been kept to a minimum. It is assumed that the theory
of exponents, of logarithms,of trigonometry, and of the slide rule is known to
the reader, or will be recalled or studied by reference to formal textbooks on
these subjects. This is a brief manual on operational technique and is not in-
tended to be a textbook or workbook. Relatively few exercises are included,
and the answers of these (to slide rule accuracy) are given immediately so that
learning may proceed rapidly, by self-correction if necessary. Any textbook on
mathematics which contains problems suitable for slide rule calculation, and
their answers, will provide additional practice.

Some of the special scales described in this manual may not be available
on your slide rule. All of the illustrations and problems shown can be worked
on the slide rule you purchased. However, the special scales simplify the calcu-

lations. Pickett Slide Rules are available with all of the special sciles shown
in this manual.

COPYRIGHT 1947 - PICKETT, INC.
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PART 1. SLIDE RULE OPERATION
INTRODUCTION

The slide rule is a fairly simple tool by means of which answers to involved
mathematical problems can be easily obtained. To solve problems easily and
with confidence it is necessaty to have a clear understanding of the operation
of your slide rule. Speed and accuracy will soon reward the user who makes
a careful study of the scale arrangements and the manual.

The slide rule consists of three patts: (1) the stator (upper and lower
bars); (2) the slide; (3) the cursor or indicator. The scales on the bars and
slide are arranged to work together in solving problems. The hairline on the
indicator is used to help the eyes in reading the scales and in adjusting the slide.

ECHSOR

STATOR
Fig. 1 SLIDE HAIRLINE =
STATOR CURSOR OR |INDICATOR
|

WONCY)
Each scale is named by a letter (A, B, C, D, L, S, T) or other symbol at
the left end.

The table below shows some of the mathematical operations which can be
done easily and quickly with an ordinary slide rule.

OPERATIONS INVERSE OPERATIONS

Multiplying two or more numbers| Dividing one number by another
Squaring a number Finding the square root of a number
Cubing a number Finding the cube root of a number

Finding the logarithm of a number| Finding 2 number whose logarithm is
known

Finding the sine, cosine, or tangent Finding an angle whose sine, cosine, of
of an angle tangent is known

Various combinations of these operations (such as multiplying two numbers
and then finding the square root of the result) are also easily done. Numbers
can be added or subtracted with an ordinary slide rule, but it is usually easier
to do these operations by arithmetic.*

In order to use a slide rule, a computer must know: (1) how to read the
scales; (2) how to “set” the slide and indicator for each operation to be
done; and (3) how to determine the decimal point in the result.

*By putting special scales on a slide rule, these and certain other operations much more difficule
than those shown in the table above can be done easily.
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LEFT INDEX

LEFT INDEX

HOW TO READ THE SCALES

The scale labeled C (on the slide) and the scale D (on the stator bar) are
used most frequently. These two scales are exactly alike. The total length of
these scales has been separated into many smaller parts by fine lines called
“graduations.”

Some of these lines on the D scale have large numerals (1, 2, 3, etc.)
printed just below them. These lines are called primary graduations. On the C
scale the numerals are printed above the corresponding Eraduations. A line
labeled 1 at the left end is called the /f? index. A line labeled 1 at the right
end is called the right index.

g lllHl|HIIIlII!(II||IIII|||I||IIII|IIII]IIII|IHI;l|l||ll|||I|HI]IHglwIll|I{I||||||||l||l|l|l|l|l|l|||li|:1‘|IlI|IllHyI||||IIlllIII|||lllyllllllllylllllllll

| | |

PRIMARY GRADUATIONS

Fig. 2

Next notice that the distance between 1 and 2 on the D scale has been
separated into 10 pares by shorter graduation lines. These are the secondary
graduations. (On 10 inch slide rules these lines are labeled with smaller
numerals 1, 2, 3, -etc. On 6 inch rules these lines are not labeled.) Each of the
spacés between the larger numerals 2 and 3, between 3 and 4, and between
the other primary graduations is also sub-divided into 10 parts. Numerals are
not printed beside these smaller secondary graduations because it would
crowd the numerals too much.

. 1'IIlIllHIIlIHlH!IHHIHHIHIIIHHIHII!HHLl|1|IIII1|IliIIIHlialI,g‘lll1|l|lllil|IIIyIIIII'II]IHHIIHLIll;II5IIyHI|IIIW”II”I,ly'lII'IHILHIIHIN{

17 54
SECONDARY GRADUATIONS

Fig. 3.

When a number is to be located on the D scale, the first digic is located by
use of the primary graduations. The second digit is located by use of the
secondary graduations. Thus when the number 17 is located, the 1 at the left

index represents the 1 in 17. The 7th secondary graduation represents the 7.

When' 54 is to be located, look first for primary graduation 5, and then for
secondary graduation 4 in the space immediately to the right.

There are further sub-divisions, or fertiary graduations, on all slide rules.
The meaning of these graduations is slightly different at different parts of the
scale. It is also different on a 6 inch slide rule than on a 10 inch rule. For this
reason a separate explanation must be given for each.

{61

RIGHT INDEX

1III||I|II|HH|HII‘I|I||HII|IIII|I|I||IHI|I|!
D 1 2 3 4

RIGHT INDEX

¢ hlul||n|||||I||uluu|u||mn

LEFT INDEX

Tertiary graduations on 10 inch rules.

The space between each secondary graduation at the left end of the rule
{over to primary graduation 2) is separated into ten parts, but these shortest
graduation marks are not numbered. In the middle part of the rule, between
the primary graduations 2 and 4, the smaller spaces between the secondary
graduations are separated into five parts. Finally, the still smaller spaces be-
tween the secondary graduations at the right of 4 are separated into only
twO parts.

To find 173 on the D scale, look for primary division T (the left index),
then for secondary division 7 (numbered) then for smaller subdivision 8 (not
numbered, but found as the 3rd very short graduation to the right of the
longer graduation for 7).

Fig. 4 149 b o 26 247
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LEFT INDEX

Similarly, 149 is found as the 9th small graduation mark to the right of
the 4th secondary graduation mark to the right of primary graduation 1.

To find 246, look for primary graduation 2, then for the 4th secondary
graduation after it (the 4th long line), then for the 3rd small graduation after
it. The smallest spaces in this part of the scale are ffths. Since 2 = %, then
the third graduation, marking hree fifths, is at the same point as six tenths
would be.

Tertiary graduations on 6 inch rules.

The space between each secondary graduation at the left end of the rule
(over to primary graduation 2) is separated into five parts. In the middle of
the rule, between the primary graduations 2 and 5, the smaller spaces between
the secondaty graduations are separated into two parts. Finally, the still
smaller spaces between the secondary graduations at the right of 5 are not
subdivided.

To find 170 on the D scale, look for the primary division 1 (the left index),
then for the secondary division 7 which is the 7th secondary graduation.

w0 n e redd®S bbb S ot oS
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To find 146, look for the primary graduation 1, then for the 4th secondary
graduation after it (the 4th secondary line), then for the 3rd small graduation
afterit. The smallest spaces in this part of the sca'e are fifths. Since 3/5 = 6/10,

then the third graduation, marking three fifths, is at the same point as jix
tenths would be.

The number 147 would be half of a small space beyond 146. With the aid
of the hairline on the runner the position of this number can be located
approximately by the eye. The small space is mentally “splic” in half.

The number 385 is found by locating primary graduation 3 and then
secondary graduation 8 (the 8th long graduation after 3). Following this, one
observes that between secondary graduations 8 and 9 there is one short mark.
Think of this as the *'5 tenths’” mark, which represents 385. The location of
383 can be found approximately by mentally “'splitting’” the space between
380 and 385 into fifths, and estimating where the 3rd "fifths” mark would be
placed. It would be just a little to the right of halfway berween 380 and 385.

On the scale below are some sample readings.

C B A F E

l T T
000

H G

|
|
[ IT{I|IMI[I|l|lél]l]I|I[I|l]||1I|||I(|il]Igl||]l|||l|||I|!J!l|l[I|I|I|l|t|l[”l&l|1|I|||I|I|I|I|l|lg[l|l|l|lll||||||||| )

Fig. 6
A: 195 F: 206
B: 119 G: 465
C: 110 H: 402
D: 101 I. 694
E: 223 J: 987

The symbols 0, 1, 2, 3, 4,5,6,7, 8,9, used in writing numbers are called
digits. One way to describe a number is to tell how many digics are used in
writing it. Thus 54 is a “two-digit number”, and 1,348,256 is a "'seven-digit
number.” In many computations only the first two or three digits of 2 number
need to be used to get an approximate result which is accurate enough for
practical purposes. Usually not more than the first three digits of a number
can be “'set’” on a six inch slide rule scale. In many practical problems this de-
gree of accuracy is sufficient. When greater accuracy is desired, a ten inch
slide rule is. generally used.

{8}

MULTIPLICATION

Numbers that are to be multiplied are called factors. The result is called
the product. Thus, in the statement 6 X 7 = 42, the numbers 6 and 7 are
factors, and 42 is the product.

ExampLE: Multiply 2 X 3

Setting the Scales: Set the left index of the C scale on 2 of the D scale. Find
3 on the C scale, and below it read the product, 6 on the D scale.

Think: The length for 2 plus the length for 3 will be the length for the product.
This len 1th, measured by the D scale, is 6.

LEFT INDEX

uu&ull|||u1n|||m|1nu|m|||nmmum]uuyulw

oN CL AL LENGTH OF FACTOR "3"" ON "’C"’ SCALE J
LEFT INDEX l —]
oo 11 1110
LENGTH OF FACTOR 2" ON "'D'* SCALE J .
LENGTH OF "'2°" PLUS:ENGTH OF *"3"" 1S LENGTH OF PRODUCT “6"' ON “'D’* SCALE !
ExampPLE: Muluply 4 X 2 Fig. 7

Setting the Scales: Set the left index of the C scale on 4 of the D scale. Find
2 on the C scale, and below it read the product, 8, on the D scale.
Think: The length for 4 plus the length for 2 will be the length for the product.
This length, measured by the D scale, is 8.

Rule for Multiplication: Over one of the factors on the D scale, set
the index of the C scale. Locate the other factor on the C scale, and
directly below it read the product on the D scale.

ExampLE. Muluply 2.34 X 36.8

Estimate the result: First note that the result will be roughly the same as
2 X 40, or 80; that is, there will be two digits to the left of the decimal
point. Hence, we can ignore the decimal points for the present and multiply
as though the problem was 234 X 368.

Set the Scales: Set the left index of the C scale on 234 of the D scale. Find
368 on the C scale and read product 861 on the D scale.

Think: The length for 234 plus the length for 368 will be the length for the
product. This length is measured on the D scale. Since we already knew the
result was somewhere near 80, the product must be 86.1, approximately.

ExAMPLE: Muluply 28.3 X 5.46

Note first that the result will be about the same as 30 X 5, or 150. Note
also that if the left index of the C scale is set over 283 on the D scale, and
546 is then found on the C scale, the slide projects so far to the right of the
rule that the D scale is no longer below the 546. When this happens, the
other index of the C scale must be used. That is, set the r/ghs index on the C
scale over 283 on the D scale. Find 546 on the C scale and below it read
the product on the D scale. The product is 154.5.

These examples illustrate how in simple problems the decimal point can be
placed by use of an estimate.

[91
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PROBLEMS ANSWERS

1. 15X 37 55.5

2. 280 X 0.34 95.2

3. 753 X 89.1 67,100

4. 9.54 X 16.7 159.3

5. 0.0215 X 3.79 0.0815
DIVISION

In mathemarics, division is the opposite or /nverse operation of multiplica-
tion. In using a slide rule this means that the process for multiplication is
reversed. To help in understanding this statement, set the rule to multiply
2 X 4 (see page 9). Notice the result 8 is found on the D scale under 4
of the C scale. Now to divide 8 by 4 these steps are reversed. First find 8
on the D scale, set 4 on the C scale over it, and read the result 2 on the D
scale under the index of the C scale.

Think: From the length for 8 (on the D scale) subtract the length for 4
(on the C scale). The length for the difference, read on the D scale, is the
result, or quotient.

With this same setting you can read the quotient of 6 + 3, or 9 + 4.5,
and in fact all divisions of one number by another in which the result is 2.

Rule for Division: Set the divisor (on the C scale) opposite the number

to be divided (on the D scale). Read the result, or quotient, on the D scale
under the index of the C scale.

EXAMPLES:

(a) Find 63.4 + 3.29. The quotient must be near 20, since 60 + 3 = 20.
Set indicator on 63.4 of the D scale. Move the slide until 3.29 of the C scale is
under the hairline. Read the result 19.27 on the D scale at the C index.

(b) Find 26.4 + 47.7. Since 26.4 is near 25, and 47.7 is near 50, the quotient
must be roughly 25/50 = V3 = 0.5. Set 47.7 of C opposite 26.4 of D, using
the indicator to aid the eyes. Read 0.553 on the D scale at the C index.

PROBLEMS ANSWERS
1. 83 +7 11.86
2. 75+ 92 0.815
3. 137 + 513 0.267
4. 17.3 =+ 231 0.0749
5. 8570 + .0219 391,000

[10}

DECIMAL POINT LOCATION

In the discussion which follows, it will occasionally be necessary to refer
to the number of “'digits” and number of “zeros” in some given numbers.

When numbers are greater than 1 the number of digits to the left of the
decimal point will be counted. Thus 734.05 will be said to have 3 digits.
Although as written the number indicates accuracy to five digits, only three
of these are at the left of the decimal point.

Numbers that are less than 1 may be written as decimal fractions.* Thus
673, or six-hundred-seventy-three thousandths, is a decimal fraction. An-
other example is .000465, In this number three zeros are written to show
where the decimal point is located. One way to describe such a number is
to tell how many zeros are written to the right of the decimal point before
the first non-zero digit occurs.

In scientific work a zero is often written to the left of the decimal point,
as in 0.00541. This shows that the number in the units’ place is definitely 0,
and that no digits have been carelessly omitted in writing or printing. The
zeros will noz be counted unless they are (a) at the 7ighs of the decimal point,
(b) before or at the /eft of the first non-zero digit, and (c) are not between
other digits. The number 0.000408 will be said to have 3 zeros (that is, the
number of zeros between the decimal point and the 4).

In many, perhaps a majority, of the problems met in genuine applications of
mathematics to practical affairs, the position of the decimal point in the result
can be determined by what is sometimes called “"common sense.” There is
usually only one place for the decimal point in which the answer is “reason-
able” for the problem. Thus, if the calculated speed in miles per hour of a
powerful new airplane comes out to be 4833, the decimal point clearly be-
longs between the 3's, since 48 m.p.h. is too small, and 4833 m.p.h. is too
large for such a plane. In some cases, however, the data are such that the
position of the point in the final result is not easy to get by inspection.

Another commonly used method of locating the decimal point is by estima-
tion or approximation. For example, when ;he slide rule is use:d to ﬁpd
133.4 X 12.4, the scale reading for the result is 1655, and the decimal point
is to be determined. By rounding off the factors to 133.0 X 10.0, one ob-
tains 1330 by mental arithmetic. The result would be somewhat greater than
this but certainly contains four digits on the left of the decimal point. The
answer, therefore, must be 1655.

In scientific work numbers are often expressed in standard form. For exam-
ple, 428 can be written 4.28 X 102, and 0.00395 can be written as 3.95 X 1072
When a number is witten in standard form it always has two factors. The
first factor has one digit (not a zero) on the left of the decimal point, and
usually other digits on the right of the decimal point. The other factor is a
power of 10 which places the decimal point in its true position if the indicated
multiplication is carried out. In many types of problems this method of
writing numbers simplifies the calculation and the location of the decimal
point.

*Only positive real numbers are being considered in this discussion.

[11}



When a number is written in standard form, the exponent of 10 may be
called “the characteristic.”” It is the characteristic of the logarithm of the
number to base 10. The characteristic may be either a positive or a negative
number. Although the rule below appears long, in actual practice it may be
used with great ease.

Rule. To express a number in standard form:

(a) place a decimal point at the right of the first non-zero digit.*

(b) start at the right of the first non-zero digit in the original number
and count the digits and zeros passed over in reaching the decimal point.
The result of the count is the numerical value of the characteristic, or ex-
ponent of 10. If the original decimal point is toward the right, the char-
acteristic is positive (+). If the original decimal point is toward the left,
the characteristic is negative (—). Indicate that the result of (a) is to be
multiplied by 10 with the exponent thus determined in (b).

EXAMPLES:
Number in
Number standard form. Characteristic
(a) 5,790,000 5.79 X 10° 6
(b) 0.000283 2.83 X 10~ i
(c) 44 4.4 X 10" 1
(d) 0.623 6.23 X 107! -1
(e) 8.15 8.15 X 10° 0
(F) 461,328 461328 X 10° 5
(g) 0.0000005371  5.371 X 1077 -7
(h) 0.0306 3.06 X 1072 -2
(i) 80.07 8.007 X 10! 1

If a number given in standard form is to be written in “ordinary” form, the
digits should be copied, and then starting at the right of the first digit the
number of places indicated by the exponent should be counted, supplying
zeros as necessary, and the point put down. If the exponent is positive, the
count is toward the right; if negative, the count is toward the lefc. This con-
verse application of the rule may be verified by studying the examples given
above.

Consider now the calculation of 5,790,000 X 0.000283. From examples
(a) and (b) above, this can be written 5.79 X 10° X 2.83 X 10~*, or'by
changing order and combining the exponents of 10, as 5.79 X 2.83 X 10%
Then since 5.79 is near 6, and 2.83 is near 3, the product of these two facrors
is known to be near 18. The multiplication by use of the C and D scales
shows it to be about 16.39, or 1.639 X 10'. Hence, 5.79 X 2.83 X 10?
= 1.639 X 10! X 102 = 1.639 X 103 = 1639. If, however, one has

5,790,000 + 0.000283, the use of standard form yields

579 X 108
gsg—i——w = 2,04 X 10--9 = 2,04 X 1010

In scientific work the result would be left in this form, but for popular con-
sumption it would be written as 20,400,000,000. The general rule is as follows.

*In using this rule, “first” is to be counted from the left; thus, in 3246, the digit 3 is “first.”

[12}

Rule. To determine the decimal point, first express the numbers in
standard form. Carry out the indicated operations of multiplication or
division, using the laws of exponents* ‘to combine the exponents until a
single power of 10 is indicateg. If desired, write out the resulting number,
using the final exponent of 10 to determine how far, and in what direc-
tion, the decimal point in the coefficient should be moved.

CONTINUED PRODUCTS

Sometimes the product of three or more numbers must be found. These
“continued” products are easy to get on the slide rule.

ExampLE: Multiply 38.2 X 1.65 X 8.9.

Estimate the result as follows: 40 X 1 X 10 = 400. The result should be,
very roughly, 400.

Setting the Scales: Set left index of the C scale over 382 on the D scale. Find
165 on the C scale, and set zhe hairline on the indicator on it.**Move the index
on the slide under the hairline. In this example if the /ef? index is placed under
the hairline, then 89 on the C scale falls outside the D scale. Therefore move
the right index under the hairline. Move the hairline to 89 on the C scale and
read the result (561) under it on the D scale.

Below is a general rule for continued products: @ X & X-¢ X d X e- -+

Set hairline of indicator at « on D scale.
Move index of C scale under hairline.
Move hairline over b on the C scale.
Move index of C scale under hairline.
Move hairline over ¢ on the C scale.
Move index of C scale under hairline.

Continue moving hairline and index alternately until all numbers have
been set.

Read result under the hairline on the D scale.

PROBLEMS ANSWERS
1. 29 X34X75 73.9
2. 17.3 X 43 X 9.2 6,840
3. 343 X 91.5 X 0.00532 167
4. 19 X 407 X 0.0021 16.24
5. 13.5 X 709 X 0.567 X 0.97 5260

COMBINED MULTIPLICATION AND DIVISION

Many problems call for both multiplication and division.

. 42 X 37
XAMPLE: 65 -

*See any textbook on elementary algebra. The theory of exponents and the rules of operation

with signed numbers are both involved in 2 complete treatment of this topic. In this manual it
is assumed that the reader is familiar with this theory.

**The product of 382 X 165 could now be read under the hairline on the D scale, but this is
not necessary.
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First, set the division of 42 by 65; that is, set 65 on the C scale opposite 42
on the D scale. ¥ Move the hairline on indicator to 37 on the C scale. Read

42
the result 239 on the D scale under the hairline. Since the fraction 5 is about

equal to ;, the result is about two-thirds of 37, or 23.9.
273 X 548
EXAMPLE: 692 X 314
Set 692 on the C scale opposite 273 on the D scale. Move the hairline to
548 on the C scale. Move the slide to set 344 on the C scale under the hairline.
Read the result .628 on the D scale under the C index.

In general, to do computations of the type Z >><< ; i ;;: f :, set the rule

to divide the first factor in the numerator # by the first factor in the de-
nominator b, move the hairline to the next factor in the numerator ¢; move
the slide to set next factor in denominator, 4, under the hairline. Continue
moving hairline and slide alternately for other factors (¢, £, g, 4, erc.). Read
the result on the D scale. If there is one more factor in the numerator than
in the denominator, the result is under the hairline. If the number of factors
in numerator and denominator is the same, the result is under the C index.

Sometimes the slide must be moved so that one index replaces the other.**
22X 24
EXAMPLE: 84
If the rule is set to divide 2.2 by 8.4, the hairline cannot be set over 2.4 of
the C scale and at the same time remain on the rule. Therefore the haitline is
moved to the C index (opposite 262 -on the D scale) and the slide is moved
end for end to the right (so that the /ft index falls under the hairline and
over 262 on the D scale). Then the haitline is moved to 2.4 on the C scale
and the result .63 is read on the D scale.

If the number of factors in the numerator exceeds the number in the de-
nominator by more than one, the numbers may be grouped, as shown below.
After the value of the group is worked out, it may be multiplied by the other
factors in the usual manner.

(25 ax

PROBLEMS ANSWERS
1. 27;;_43 61.1

9. 5.174>.<3 15(22.;57 0.33 2.07

> 842522 1411?2,2173 T

4. 1590 Z3§.(>i<49>;00.763 1.081

*The quotient, .646, need not be read.

**This statement assumes that up to this point only the C and D scales are being used. Later
sections will describe how this operation may be avoided by the use of other scales,
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5. 0.0237 X 3970 X 32 X 6.28

0.00020 X 186000 351
6. 231 X 58.6 X 4930 —_—
1825 X 3770 '
7. 875 X 1414 X 2.01 N
661 X 359
8. 558 X 1145 X 633 X 809 —_—
417 X 757 X 354
9. 0.691 X 34.7 X 0.0561 . 0.0000147
91,500 or 1.47 X 1073
10. 19.45 X 7.86 X 361 X 64.4 11,100
326 X 9.74
PROPORTION

Problems in proportion are very easy to solve. First notice that when the
index of the C scale is opposite 2 on the D scale, the ratio 1 : 2 or % is at the
same time set for all other opposite graduations; that is, 2:4, or 3:6, or
2.5:5,0r3.2:6.4,etc. Itis true in general that for any setting the numbers
for all pairs of opposite graduntions have the same ratio. Suppose one of the

il

R e

a
terms of a proportion is unknown. The proportion can be written as 7 =
where 2, b, and ¢, are known numbers and x is to be found.

Rule: Set a on the C scale opposite b on the D scale. Under ¢ on the C
scale read x on the D scale.

. 35
ExampLE: Find x if 1~ %

Set 3 on C opposite 4 on D. Under 5 on C read 6.67 on D.

b x .
The, proportion above could also be written = o inverted,” and

exactly the same rule could be used. Moreover, if C and D are interchanged
in the above rule, it will still hold if “under” is replaced by “over.”” It then
reads as follows:

Set 2 on the D scale opposite b on the C scale. Over ¢ on the D scale
read x on the C scale.

Rule: In solving proportions, keep in mind that the position of the
numbers as set on the scales is the same as itis in the proportion written
¢

. a ¢
in the form Al

[15]




Proportions can also be solved algebraically. Then g = J—ibecomes x = b—; ‘ PART 2. USE OF CERTAIN SPECIAL SCALES

and this may be computed as combined multiplication and division. THE CI AND DI SCALES

Tt should be understood that the use of the CI and DI scales does not increase
the power of the instrument to solve problems. In the hands of an exPerienced
computer, however, these scales are used to reduce the number of settings of to
avoid the awkwardness of certain settings. In this way the speed can be increased
300. and errors minimized.

The CI scale on the slide 1s a C scale which increases from right to left.” It
407 may be used for finding reciprocals. When any number is set under the hair-
’ line on the C scale its reciprocal is found under the hairline on the CI scale,
and conversely.
1247. EXAMPLES:
(a) Find 1/2.4. Set 2.4 on C. Read .417 directly above on CI.

276. (b) Find 1/60.5. Set 60.5 on C. Read .0165 directly above on CI. Or, set
60.5 on CI, read .0165 directly below on C.

PROBLEMS ANSWERS
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65.7 The CI scale is useful in replacing a division by a multiplication. Since

©
—

;: a X 1/b, any division may be done by multiplying the numerator (or

dividend) by the reciprocal of the denominator (or divisor). This process
may often be used to avoid settings in which the slide projects far outside the
rule.

EXAMPLES: :

(a) Find 13.6 + 87.5. Consider this as 13.6 X 1/87.5. Set left index of the
C scale on 13.6 of the D scale. Move hairline to 87.5 on the CI scale. Read
the result, .155, on the D scale.

(b) Find 72.4 + 1.15. Consider this as 72.4 X 1/1.15. Set right index of
the C scale on 72.4 of the D scale. Move hairline to 1.15 on the CI scale.
Read 63.0 under the hairline on the D scale.

An important use of the CI scale occurs in problems of the following type.

ExamPLE: Find 13.6 This is the same as 13.6 X (1/2.79).
4.13 X 2.79 4.13

Set 4.13 on the C scale opposite 13.6 on the D scale. Move hairline to 2.79
on the CI scale, and read the result, 1.180, on the D scale.

By use of the CI scale, factors may be transferred from the numerator to the
denominator of a fraction (or vice-versa) in order to make the settings more
readily. Also, it is sometimes easier to get # X b by setting the hairline on ¢,
pulling & on the CI scale under the haitline, and reading the result on the D
scale under the index.

The DI scale (inverted D scale) below the D scale corresponds to the CI
scale on the slide. Thus the D and DI scales together represent reciprocals.
The DI scale has several important uses, of which the following is representa-
tive.
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Expressions of the type 1/X, where X is some complicated expression
or formula, may be computed by first finding the value of X. If the result
for X falls on D, then 1/X may be read under the hairline on DI.

EXAMPLE:

(2) Find m Multiply 0.265 X 138 using the C and D scales.
Read the reciprocal .0273 under the hairline on the DI scale. Or set the haitline
on 265 of the DI scale, pull 138 of the C scale under the hairline, and read the
result on the D scale under the left index of the C scale. This is equivalent to

writing the expression as <1/1 5;5)
PROBLEMS ANSWERS
) ; 143
: 3‘515 0284
§ -_1—7%5 5.57
g 1
6430 0001555
-
’ T'O%ﬁ 240
[18}

THE CF/x AND DF/=n SCALES

It should be understood that the use of the CF and DF scales does not
increase the power of the instrument to solve problems. In the hands of an
experienced computer, however, these scales are used to reduce the number of
certain settings. In this way the speed can be increased and errors minimized.

When = on the C scale is opposite the right index of the D scale, about half
the slide projects beyond the rule. If this part were cut off and used to fill
in the opening at the left end, the result would be a “'folded”” C scale, or CF

scale. Such a scale is printed at the top of the slide. It begins at x and the
index is near the middle of the rule. The DF scale is similarly placed. Any
setting of C on D is automatically set on CF and DF. Thus if 3 on C is
opposite 2 on D, then 3 on CF is also opposite 2 on DF. The CF and DF
scales can be used for multiplication and division in exactly the same way as
the C and D scales.

The most important use of the CF and DF scales is to avoid resetting the
slide. If a setting of the indicator cannot be made on the C or D scale, it can
be made on the CF or DF scale.

EXAMPLES:

(a) Find 19.2 X 6.38. Set left index of C on 19.2 of D. Note that 6.38 on

C falls outside the D scale. Hence, move the indicator to 6.38 on the CF

scale, and read the result 122.5 on the DF scale. Or set the index of CF on

19.2 of DF. Move indicator to 6.38 on CF and read 122.5 on DF.

(b) Find wf—;—;—é{—) Set 5.72 on C opposite 8.39 on D. The indicator

cannot be moved to 9.65 of C, but it can be moved to this setting on CF and
the result, 14.15, read on DE. Or the entire calculation may be done on the
CF and DF scales.

These scales are also helpful in calculations involving = and 1/x. When the
indicator is set on any number N on D, the reading on DF is Nx. This can

be symbolized as (DF) = #(D). Then (D) = —(%:—) This leads to the fol-
lowing simple rule.

Rule: If the diameter of a circle is set on D, the circumference may be
read immediately on DF, and conversely.

ExXAMPLES:
(a) Find 5.67. Set indicator over 5.6 on D. Read 17.6 under haitline on DF.

(b) Find 8/x. Set indicator over 8 on DF. Read 2.55 under haitline on D.

+(c) Find the circumference of a circle whose diametes is 7.2. Set indicator on
7.2 of D. Read 22.6 on DF.

(d) Find the diameter of a circle whose circumference is 121. Set indicator
on 121 of DF. Read 38.5 on D.
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Finally, these scales are useful in changing radians to degrees and con-
versely. Since wradians = 180 degrees, the relationship may be written as a

oportion ~ = — or L = —é—
prep 47180 w180

Rule: Set 180 of C opposite m on D. To convert radians to degrees, move
indicator to r (the number of radians) on DF, read & (the number of de-

grees) on CF; to convert degrees to radians, move indicator to & on CF,
read r on DF.

There are also other convenient settings as suggested by the proportion.
Thus one can set the ratio /180 on the CF and DF scales and find the result
from the C and D scales.

EXAMPLES:

(a) The numbers 1, 2, and 7.64 are the measures of three angles in radians.
Convert to degrees. Set 180 of C on w of D. Move indicator to 1 on DF, read
57.3° on CF. Move indicator over 2 of DF, read 114.6°. Move indicator to
7.64 of DF. Read 437° on CF.

(b) Convert 36° and 83.2° to radians. Use the same setting as in (a) above.
Locate 36 on CF. Read 0.628 radians on DF. Locarte 83.2 on CF. Read 1.45
radians on DF.

PROBLEMS ANSWERS
1. 1414 X 7.79 11.02
2. 214 X 57.6 123.3
3. 84.5 X 7.50
368 L
4 265X 7 8.33
5. 1955 X 23.7
507 X x 0291

THE CIF SCALE

Like the other special scales the CIF scale does not increase the power of
the instrument to solve problems. It is used to reduce the number of settings
or to avoid the awkwardness of certain settings. In this way the speed can be
increased and errors minimized.

The CIF scale is a folded CI scale. Its relationship to the CF and DF scales
is the same as the relation of the CI scale to the C and D scales.

EXAMPLES:

(a) Find 68.2 X 1.43. Set the indicator on 68.2 of the D scale. Observe
that if the left index is moved to the hairline the slide will project far to the
right. Hence merely move 14.3 on CI under the hairline and read the result
97.5 on D at the C index.

(b) Find 2.07 X 8.4 X 16.1. Set indicator on 2.67 on C. Move slide until
8.4 on CI is under hairline. Move hairline to 16.1 on C. Read 280 on D under
hairline. Or, set the index of CF on 8.4 of DF. Move indicator to 16.1 on CF,
then'move slide until 2.07 on CIF is under hairline. Read 280 on DF above the
index of CF. Orset 16.1 on CI opposite 8.4 on D. Move indicator to 2.07 on C,
and read 280 on D. Although several other methods are possible, the first
method given is preferable.

{20}

THE CF/M AND DF/M SCALES

The scales CF/M and DF/M ate a special feature of PICKETT DUAL BASE
1OG LOG SLIDE RULES. Later sections (See Part 4) will explain how the
Log Log scales are used. For the present, we only need to say that on DUAL
BASE rules, logarithms to base 10 may be read from the ordinary C or D
scales, and “Natural” logarithms (to base ¢) may be read directly (with the
same setting of the indicator) from these special CE/M and DF/M scales.

The CE/M and DF/M scales are folded at 1/M=2.30, where the modulus
M=log,.e. The symbol /M is used to distinguish these scales from the ordinary
CF and DF scales which are folded «. The index | of CF/M and DE/M is about
two-thirds of the length of the rule from the left end.

Although these scales have a special purpose, they may be used in ordinary
multiplication, division, and other calculations in exactly the same way that
the CF/w and DF/x scales are used. This means, in effect, that PICKETT
DUAL BASE LOG LOG SLIDE RULES not only have ordinary C and D scales
on both sides of the rule, but also have a set of folded scales on each side.

EXAMPLES: (a) 19.2X6.38. Set left index of C on 19.2 of D. Note that
6.38 on C falls outside the D scale. Hence, move the indicator to 6.38 on the
CF/M scale, and read the result 122.5 on the DF/M scale. Observe that the
index of the CF/M scale is automatically set at 19.2 of the DF/M scale.
8.39X9.65
(b) Find %—
not be moved to 9.65 of C, but it can be moved to this setting on CF/M and
the result, 14.15, read on the DF/M scale. Or the entire calculation may be
done on the CF/M and DF/M scales.

Set 5.72 on C opposite 8.39 on D. The indicator can-

THE V  SCALES: Square Roots and Squares

When a number is multiplied by itself the result is called the sguare of the
number. Thus 25 or 5X5 is the square of 5. The factor 5 is called the square
roor of 25. Similarly, since 12.25=3.5X3.5, the number 12.25 is called the
square of 3.5; also 3.5 is called the square root of 12.25. Squares and square
roots are easily found on a slide rule.

Square Root. Just below the D scale is another scale marked with the square
root symbol, V.

Rule. The square root of any number located on the D scale is found
directly below it on the V scale.

ExaMPLEs: Find V4. Place the hairline of the indicator over 4 on the
D scale. The square root, 2, is read directly below. Similarly, the square root

of 9 (or V9) is 3, found on the V scale directly below the 9 on the D scale.
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Reading the Scales. The square root scale directly below the D scale is an
enlargement of the D scale itself. The D scale has been “stretched” to double
its former length. Because of this the square root scale seems to be cut off
or to end with the square root of 10, which is about 3.16. To find the square
root of numbers greater than 10 the bottom V scale is used. This is really
the rest of the stretched D scale. The small figure 2 near the left end is placed
beside the mark for 3.2, and the number 4 is found nearly two inches farther
to the right. In fact, if 16 is located on the D scale, the square root of 16, ot
4, is directly below it on the bottom scale of the rule.

In general, 'the square root of a number between 1 and 10 is found on the
upper square root scale, The square root of a number between 10 and 100
is found on the lower square root scale. If the number has an odd number
of digits or zeros (1, 3, 5, 7,... ), the upper V scale is used. If the number
has an even number of digits or zeros (2, 4, 6, 8,...), the lower V scale is
used. The first three (or in some cases even four) figures of a number may be
set on the D scale, and the first three (or four) figures of the square root are
read directly from the proper square root scale.

The table below shows the number of digits or zeros in the number N and
its square root.

ZEROS or DIGITS

U L|U LjUu L|{U|L|U L|U L|U L|U L
N | 7o0t6|50r4|30r2|1 lor2|30r4d|S5Sor6G|7or8]|etc
VN| 3 2 1 jo]| ol 1 2 3 4 et

(e}

The above table is reproduced on some models of Pickett Slide Rules.

This shows that numbers from 1 up to 100 have one digit in the square
root; numbers from 100 up to 10,000 have two digits in the square root, etc.
Numbers which are less than 1 and have, for example, either two or three
zeros, have only one zero in the square root. Thus V0.004=0.0632, and
V0.0004==0.02.

ExXAMPLES:

(a) Find V248. Set the hairline on 248 of the D scale. This number has 3
(an odd number) digits. Therefore the figures in the square root are read from
the upper V scale as 1575. The resulth as 2 digits, and is 15.75 approximately.

(b) Find V563000. Set the hairline on 563 of the D scale. The number has
6 (an even number) digits. Read the figures of the square root on the bottom
scale as 75. The square root has 3 digits and is 750 approximately.

(c) Find V.00001362. Set the hairline on 1362 of the D scale. The number
of zeros is 4 (an even number). Read the figures 369 on the bottom scale. The
result has 2 zeros, and is .00369.

Squaring is the opposite of finding the square root. Locate the number
on the proper V scale and with the aid of the hairline read the square
on the D scale.
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EXAMPLES:

(a) Find (1.73)20r 1.73X 1.73. Locate 1.73 on the V scale. On the D scale
find the approximate square 3.

(b) Find (62800)2. Locate 628 on the \/ scale. Find 394 above it on tl.xe‘D
scale. The number has 5 digits. Hence the squate has either 9 or 10 digits.
Since, however, 628 was located on the lower of the V scales, the square has
the evern number of digits, or 10. The result is 3,940,000,000.

(¢) Find (.000254)2. On the D scale read 645 above the 254 of the V scale.
The number has 3 zeros. Since 254 was located on the upper of the V scales,
the square has the odd number of digits, or 7. The result is 0.0000000645.

PROBLEMS ANSWERS
1.V73 27
9. /73 8.54
3.4/841 29
4 006 0.249
5. /0.00000094 0.00097
6. (3.95) 15.6
7. (48.2) 2320
8. (0.087)? 0.00757
9. (0.00284)* 0.00000807
10. (635000)> 403 X 104

THE ¥  SCALES: Cube Roots and Cubes

At the top of the rule there is a cube root scale marked ¥/. It is a D s.ca’le
which has been stretched to three times its former length, and then cut into
three parts which are printed one below the other.

Rule. The cube root of any number on the D scale is found directly
above it on the ¥/ scales.

Example: Find the 8. Place the hairline of the indicator over the 8 on
the D scale. The cube root, 2, is read above on the upper ¥/ scale.

Reading the scale: To find the cube root of any number between 0 and 10
the upper ¥/ scale is used. To find the cube root of a number between 10 and
100 the middle ¥/ scale is used. To find the cube root of a number between
100 to 1000 the lower ¥/ scale is used. ) )

In general to decide which part of the ¥/ scale to use in locating the root,
mark off the digits in groups of three starting fror.n the decimal point. If
the left group contains one digit, the upper V/ scale is used; if there are two
digits in the left group, the middle ¥/ scale is used; if there are three digits,
the lower ¥ scale is used. Thus, the roots of numbers containing 1, 4, 7.
digits are located on the upper ¥/ scale; numbers containing 2, 5, 8,... digits
are located on the middle ¥ scale; and numbers containing 3, Q, 9,.. .digits
are located on the lower ¥/ scale. The corresponding number of digits or zeros
in the cube roots are shown in the table below and whether the upper, middle
or lower section of the ¥ scale should be used.
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ZEROS or DIGITS
UMLUMLUML|UM| LIUML|{UML|IUML|U M L
N|11,10,9{8, 7, 6|5, 4, 3|2, 1| 0|1, 2, 314, 5, 67, 8, 9|10, 11,12
/N 3 2 1. 1olo|l 1 2 3 4

The above table is reproduced on some models of Pickett Slide Rules.
EXAMPLES:

(a) Find ¥ 6.4. Set hairline over 64 on the D scale. Read 1.857 on the
upper V/ scale.

(b) Find ¥/ 64. Set hairline over 64 on the D scale. Read 4 on the middle
Y scale—

(c) Find ¥ 640. Set hairline over 64 on the D scale. Read 8.62 on the
lower ¥/ scale.

(d) Find ¥/ 6,400. Set hairline over 64 on the D scale. Read 18.57 on the
upper V/ scale.

(e) Find ¥/ 64,000. Set hairline over 64 on the D scale. Read 40 on the
middle ¥/ scale.

(f) Find ¥/ 0.0064. Set hairline over G4 on the D scale. Read 0.1857 on
the upper ¥/ scale.

(g) Find ¥/ 0.064. Set hairline over 64 on the D scale. Read 04 on the
middle Y scale.

If the number is expressed in standard form it can either be written in
ordinary form or the cube root can be found by the following rule.

Rule: Make the exponent of 10 a multiple of three, and locate the
number on the D scale. Read the result on the v/ scale and multiply this
result by 10 to an exponent which is 1/3 the former exponent of 10.

ExAaMpLES: Find the cube root of 6.9 x 10%. Place the hairline over 6.9
on the D scale and read1.9040n the upper ¥/ scale. Thus the desired cube root
is 1.904 X 10'. Find the cube root of 4.85 X 107. Express the number as
48.5 % 10° and place the hairline of the indicator over 48.5 on the D scale.
Read 3.65 on the middle ¥ scale. Thus the desired cube root is 3.65 X 10*
or 365. Find the cube root of 1.33 X 10~ * Express the number as 133 X 10-¢
and place the hairline over 133 on the D scale. Read 5.10 on the lower /
scale. The required cube root is 5.10 X 10-2

Cubes: To find the cube of a number, reverse the process for finding the cube
root. Locate the number on the ¥ scale and read the cube of that number
on the D scale.

EXAMPLES:

(a) Find (1.37)%. Set the indicator on 1.37 of the ¥/ scale. Read 2.57 on
the D scale.
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(b) Find (13.7)%. The settmg is the same as in example (a), but the D scale
reading is 2570, or 1000 times the former reading.

(c) Find (2.9)% and (29)%. When the indicator is on 2.9 of the ¥/ scale,
the D scale reading is 24.4. The result for 29° is therefore 24,400.

(d) Find (6.3)*. When the indicator is on 6.3 of the ¥/ scale, the D scale
reading is 250.

PROBLEMS: ANSWERS:
1. 2.45° 14.7
2. 56.1% 176,600
3, .738? .402
4. 164.5° 4,451,000
5. .0933% 000812
6. V5.3 1.744
7. 971 4.14
8. V815 9.34
9. ¥.0315 316
10. ¥/ 525,000 80.7
11. ¥/.156 538
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The L Scale: LOGARITHMS

The L scale represents logarithms to the base 10, or common logarithms.
The logarithm of a number is the exponent to which a given base must be
raised to produce the number. For example, Log 10 = 2.00; Log 10° = 3,00,
etc. A logarithm consists of two parts. The characteristic is the patt on the left
of the decimal point. The mantiss4 is the decimal fraction part on the right
of the decimal point. The L scale is used for finding the mantissa of the log-
arithm (to the base 10) of any number. The mantissa of the logarithm is the
same for any series of digits regardless of the location of the decimal point.

The position of the decimal point in the given number determines the
characteristic of the logarithm, and conversely. The following rules apply in
determining the characteristic.

1. For 1, and all numbers greater than 1, the characteristic is one less than
the number of places to the left of the decimal point in the given number.
2. For numbers smaller than 1, that is for decimal fractions, the character-
1stic 1s negative. Its numerical value is one more than the number of zeros

between the decimal point and the first significant figure in the given
number.

The application of these rules is illustrated by the following chart:

Digits to Left of Decimal Point Zeros to Right of Decimal Point*

Digits in Number 12345678 Zeros in Number 012345678
Characteristic 01234567 Characteristic -1-2-3-4-5-6-7-8-9

The Method described on page 12 is also easy to use.

Rule, Locate the number on the C scale and read the mantissa of its
logarithm (to the base 10) on the L scale. Determine the characteristic.

ExAMPLE: Find the logarithm of 425.

Set the hairline over 425 on the C scale. Read the mantissa of the loga-
rithm (.628) on the L scale. Since the number 425 has 3 digits, the charac-
teristic is 2 and the logarithm is 2.628.

ExAamPLE: Find the Logarithm of .000627.

Opposite 627 on the C scale find .797 on the L scale. Since the number has
3 zeros, the characteristic is —4 and the logarithm is —4 -+ .797 and is usually
written 6.797—10.

If the logarithm of a number is known, the number may be found by
reversing the above process. The characteristic is ignored until the decimal
point is to be placed in the number.

ExXAMPLE: Find x, if log x = 3.248.

Set the hairline over 248 on the L scale. Below it read the number 177
on the C scale. Since the characteristic is 3, there are 4 digits in the number,
x = 1770.

*Note: Count only zeros between decimal point and first significant
figure.
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Note that the mantissa of a logarithm is always positive but the character-
istic may be either positive or negative. In computations, negative character-
istics are troublesome and frequently are a source of error. It is customary
to handle the difficulty by not actually combining the negative characteristic
and positive mantissa. For example, if the characteristic is —4 and the man-
tissa is .797, the logarithm may be written 0.797— 4. This same number
may also be written 6.797— 10, or 5.797—9. and in other ways as conventent.
In each of these forms if the integral parts are combined, the result is —4.
Thus 0—4 = —4; 6. —10 = —4; 5. —9 = —4. The form which shows that
the number 10 is to be subtracted is the most common.

EXAMPLES:

Log1 = 10.000—10

Log.4 = 9.602—10

Log .0004 = 6.602—10

PROBLEMS: ANSWERS:
Log 3.26 .513
Log 735 2.866
Log 0194 8.288 — 10
Log 54800 4.739
Log X = 2.052 X = 112.7
Log X = 9.831—10 X = .678
Log X = .357 X = 2.28
Log X = 1.598 X = 39.6
Log X = 7.154—10 X = .001426

The S, T, and ST Scales: TRIGONOMETRY

The branch of mathematics called #rigonometryarose historically in connection

with the measurement of triangles. However, it now has many other uses in
various scientific fields.

Some important formulas from trigonometry are listed here for ready

reference.

The trigonometric ratios may be defined in terms of a right triangle as

follows:
. _ side opposite . . _ 2,
Sine of angle A = Kspotetse (written Sin A b );
. side adjacent . . _ b
Cosine of angle A = W (written Cos A = b );

ide opposite .
Tangent of angle A = :: d: adiscant (written Tan A = ——);

sdeadpcenk (written Cot A = %);

Cotangent of angle A = side opposite

hypotenuse . A =D
side adjacent fpenituen e b )i

M—us—?— (written Cosec A = —h—).
side opposite a

Secant of angle A =
Cosecant of angle A =
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These ratios are functions of the angle. The definitions may be extended to
cover cases in which the angle A is not an interior angle of a right triangle, and
hence may be greater than 90 degrees. Note that the sine and cosecant are re-

ciprocals, as are the cosine and secant, and the tangent and cotangent.
Therefore,

X 1
Sin A = e = s
in Cosec A and Cosec A Sin A
1 1
T = — = .
an A Cor A and Cot A Tan A’
1
C = = s
os A Gea A and Sec A Cos A"
When the sum of two angles equals 90°, the angles are complementary.
Sin A = cos (90°—A)
Cos A = sin (90°—A)
Tan A = cot (90°—A)
Cot A = tran (90°—A)

When the sum of two angles equals 180°, the angles are supplementary.

sin (180°—A) = Sin A
cos (180°—A) = —Cos A
tan (180°—A) = —Tan A

The following laws are applicable to any triangle.
A+ B+ C = 180°
SnA SinB SinC
b T ¢

Law of cosines: a2 = b2+ ¢ — 2bc cos A

Law of sines:

THE S SCALE: Sines and Cosines

The scale marked S is used in finding the approximate sine or cosine of
any angle between 5.7 degrees and 90 degrees, Since sin x = cos (90—x),
the same graduations serve for both sines and cosines. Thus sin 6° = cos
(90°—6°) = cos.84°. The numbers printed at the right of the longer gradu-
ations are read when sines are to be found. Those printed at the left are
used when cosines are to be found. On the slide rule, angles are divided
decimally instead of into minutes and seconds. Thus sin 12.7° is represented
by the 7th small graduation to the right of the graduation marked 78|12.

Sines '(or cosines) of all angles on the S scale have no digits or zeros—
the decimal point is at the left of figures read from the C (or D) scale.

Rule: To find the sine of an angle on the S scale, set the hairline on
the graduation which represents the angle. (Remember to read sines
from left to right and the numbers to the right of the graduation
are for sines). Read the sine on the C scale under the hairline. If
the slide is placed so the C and D scales are exactly together, the sine
can zlso be read on the D scale, and the mantissa of the logarithm of
the sine (log sin) may be read on the L scale.
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ExXAMPLE:

(1) Find sin 15° 30" and log sin 15°30". Set left index of Cscale over left

index of D scale. Set hairline on 15.5° (i.e., 15°30") on S scale. Read sin
15.5° = .267 on C'ot D scale. Read mantissa of log sin 15.5° = .427 op L
scale. According to the rule for characteristics of logarithms, this would
be 9.427—10.

Ruzle: To find the cosine of an angle on the S scale, set the hairline

on the graduation which represents the angle. (Remember to read
cosines from right to left and the numbers to the left of the graduation
are for cosines). Read the cosine on the C scale under the hairline.
If the slide is placed so the C and D scales are exactly together, the
cosine can also be read on the D scale, and the mantissa of the cosine
(log cos) may be read on the L scale.

EXAMPLE:

(1) Find cos 42° 15/ and log cos 42° 15’. Set left index of C scale over
left index of D scale. Set hairline on 42.25° (i.e., 42° 15’) on S scale. Read
cos 42.25° = .740 on C or D scale. Read mantissa of log cos 42.25° = .869
on L scale. According to rule for characteristics of logarithms, this would

be 9.869— 10.
Finding the Angle

If the value of trigonometric ratio is known, and the size of the angle less
than 90° is to be found, the above rules are reversed. The value of the ratio

is set on the C scale, and the angle itself read on the S scale.

EXAMPLES:

(a) Given sin x = .465, find x. Set indicator on 465 of Cscale, read x = 27.7°

on the S scale.

(b) Given cos x = .289, find x. Set indicator on 289 on C scale. Read

x = 73%.2°on the S scale.

PROBLEMS: ANSWERS:
1. Sin 9.6° 167
2. Sin 37.2° .605
3. Sin 79.0° .982
4. Cos 12.2° 977
5. Cos 28.6° 878
6. Cos 37.2° 794
7. Cosec 15.8° 3.68

Note: Cosec 8 = — i
sin ©
8. Sec. 19.3° 1.060
1
Note: Sec 6 Ty
9.Sin 6 = .1737 6 = 10°
10. Sin 6 = 98 6 = 78°
11. Sin 6 = 472 6 = 28.2°
12. Cos © = 982 6 = 10.8°
13.Cos 8 = .317 6 = 715°
14. Cos 8 = .242 0 = 76°
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15. Sec © = 1. - L = 18.7°
1.054 (sec © s e) 6 = 18.7
16. Cosec 8 = 1. = =l = °
765 (cosec © b e) 6 = 345

17. log sin 10.4° 9.256—10
18. log sin 24.2° 9.613—10
19. log cos 14.3° ; 9.986—10
20. log cos 39.7° 9.886—10
21. log sin ® = 9.773—10 0 = 36.4°
22. log sin ® = 9.985—10 0 =75°

23. log cos © = 9.321—10 6 = 77.9°

24. log cos © = 9.643—10 0 = 63.9°

THE T SCALE: Tangents and Cotangents

The T scale, together with the C or CI scales, is used to find the value of
the tangent or cotangent of angles between 5.7° and 84.3°. Since tan x = cot
(90—x), the same graduations serve for both tangents and cotangents. For
example, if the indicator is set on the graduation marked 30, the cor-
responding reading on the C scale is .577, the value of tan 30°. This is also
the value of cot 60°, since tan 30° = cot (90° — 30°) = cot 60°. Moreover,
tan x = 1/cot x; in other words, the tangent and cotangent of the same angle
are reciprocals. Thus for the same setting, the reciprocal of cot 60°, or 1/.577,
may be read on the CI scale as 1.732. This is the value of tan 60.

A single T scale reading from 5.7° to 45° (left to right) and from 45° to
84.3° (right to left) will enable you to make all calculations. In order to provide
ease in reading and to simplify the solution of certain problems the T scale on
some models of slide rules is doubled. That is, the scale for tangents of angles
from 5.7° to 45° is above the line and the scale for angles from 45° to 84.3°
is below the line. Check your slide rule and determine the section of the man-
ual that is applicable.

For single T scale

Rule. Set the angle value on the T scale and read
(i) tangents of angles from 5.7° to 45° on C,
(ii) tangents of angles from 45° to 84.3° on CI,
(iii) cotangents of angles from 45° to 84.3° on C,
(iv) cotangents of angles from 5.7° to 45° on CI.

If the slide is set so that the C and D scales coincide, these values may also
be read on the D scale. Care must be taken to note that the T scale readings
for angles between 45° and 84.3° increase from right to left.

In case (i) above, the tangent ratios are all between 0.1 and 1.0; that is, the
decimal point is at the left of the number as read from the C scale.

In case (ii), the tangents are greater than 1.0, and the decimal point is placed
to the right of che first digit as read from the CI scale. For the cotangent ratjos
in cases (iii) and (iv) the situation is reversed. Cotangents for angles between
45° and 84.3° have the decimal point at the left of the number read from the
Cscale. For angles berween 5.7° and 45° the cotangent is greater than 1 and
the decimal point is to the right of the first digit read on the CI scale. These
faces may be summarized as follows.
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Rule: If the tangent or cotangent ratio is read from the C scale, the
decimal point is at the Jef? of the first digit read. If the value is read from
the CI scale, it is at the right of the first digit read.

ExAMPLES:
50

(a) Find tan x and cot x when x = 9°50’. First note that 50 = 5 of 1 de-
gree = .83°, approximately. Hence 9° 50’ = 9.83°. Locate x = 9.83° on the
T scale. Read tan x = .173 on the C scale, and read cot x = 5.77 on the
CI scale.

(b) Find tan x and cot x when x = 68.6°. Locate x = 68.6° on the T scale
reading from right to left. Read 255 on the CI scale. Since all angles greater

than 45° have tangents greater than 1 (that is, have one digit as defined above),
tan x = 2.55. Read cot 68.6° = .392 on the C scale.

Finding the Angle

If the value of the trigonometric ratio is known, and the size of the angle
less than 90° is to be found, the above rules are reversed. The value of the
ratio is set on the C or CI scale, and the angle itself read on the T scale.

EXAMPLES:

(c) Given tan x = .324, find x. Set 324 on the C scale, read 17.9° on the
T scale.

(d) Given tan x = 2.66, find x. Set 266 0n the CI scale, read x = 69.4%0n
the T scale.

(e) Given cot x = .630, find x. Set 630 on the C scale, read x = 57.8°
on the T scale.

(f) Given cot x = 1.865, find x. Set 1865 on the CI scale, read 28.2° on
the T scale.

|

For double T scale

Rule. Set the angle x on the T scale: (i) above the line if 5.7 s x s 45°,
and (ii) below the line if 45° = x = 84.3°, and read the value of the
tangent on the C scale, and cotangent on the CI scale.

In case (i), the decimal point of the tangent is at the left of the first digit
read on C. In case (ii), the decimal point of the tangent is at right of the first
digit read on C. In case (i), the decimal point of the cotangent is at the right
of the first digit read on CL In case (ii), the decimal point is at the left of
the first digit read on CL

EXAMPLES:

() Find tan 14.7° and cot 14.7°. Set indicator over 14.7 on upper T scale.
Read tan 14.7° = 0.262 on C, and cot 14.7° = 3.81 on CL

(b) Find tan 72.3° and cot 72.3°. Set indicator over 72.3 on lower T scale.
Read tan 72.3° = 3.13 on C and cot 72.3 = 0.319 on CL
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PROBLEMS: ANSWERS:
1. tan 18.6°

2. tan 66.4° 2:337

3. cot 31.7° g 1.619

4. cot 83.85° .1078
5.tan © = 1.173 - 6 = 49.55°

6. cot 8 = .387 0 = 68.84°

THE ST SCALE: Small Angles

The sine and the tangent of angles of less than about 5.7° are so nearly
equal that a single scale, marked ST, may be used for both. The graduation
for 1° is marked with the degree symbol (°). To the left of it the primary
graduations represent tenths of a degree. The graduation for 2° is just about
in the center of the slide. The graduations for 1.5° and 2.5° are also numbered.

Rule: For small angles, set the indicator over the graduation for the
angle on the ST scale, then read the value of the sine or tangent on the
C scale. Sines or tangents of angles on the ST scale have one zero.

EXAMPLES:

(a) Find sin 2° and. tan 2°, Set the indicator on the graduation for 2° on
the ST scale. Read sin 2° = .0349 on the C scale. This is also the value of
tan 2° correct to three digits.

(b) Find sin 0.94° and tan 0.94°. Set the indicator on 0.94 of ST. Read sin
0.94° = tan 0.94° = .0164 on the C scale.

[32]

Since cot x = 1/tan x, the cotangents of small angles may be read on the
Cl scale. Moreover, tangents of angles between 84.3° and 89.42° can be found
by use of the relation tan x = cot (90 — x). Thus cot 2° = 1/tan 2° = 28.6,
and tan 88° = cot 2° = 28.6. Finally, it may be noted that csc x = 1/sin x,
and sec x = 1/cos x. Hence the value of these ratios may be readily found if
they are needed. Functions of angles greater than 90° may be converted to
equivalent (except for sign) functions in the first quadrant.

EXAMPLES:

(a) Find cot 1.41° and tan 88.59°. Set indicator at 1.41° on ST. Read
cot 1.41° = tan 88.59° = 40.7 on CI.

(b) Find csc 21.8° and sec 21.8°. Set indicator on 21.8° of the S scale.
Read csc 21.8° = 1/sin 21.8° = 2.69 on CI. Set indicator on 68.2° of the
S scale (or 21.8 reading from right to left), and read sec 21.8° = 1.077 on the
CI scale.

When the angle is less than 0.57° the approximate value of the sine or
tangent can be obtained directly from the C scale by the following procedure.

Read the ST scale as though the decimal poirt were at the left of the numbers
priated, and read the C scale (or D, CI, etc.) with the decimal point one place
to the left of where it would normally be. Thus sin 0.2° = 0.00349; tan
0.16° = 0.00279, read on the C scale.

-Two seldom used special graduations are also placed on the ST scale. One
is indicated by a longer graduation found just to the left of the graduation for
2° at about 1.97°. When this graduation is set opposite any number of min-
utes on the D scale, the sine (or the tangent) of an angle of that many minutes
may be read on the D scale under the C index.

Sin 0° = 0, and sin 1’ = .00029, and for small angles the sine increases by
.00029 for each increase of 1’ in the angle. Thus sin 2’ = .00058; sin 3.44'
= .00100, and che sines of all angles between 3.44’ and 34.4" have two zeros.
Sines of angles between 34.4" and 344’ (or 5.73°) have one zero. The tangents
of these small angles are very nearly equal to the sines.

ExAMPLE: Find sin 6. With the hairline set the “‘minute graduation™
opposite 6 located on the D scale. Read 175 on the D scale under the C index.
Then sin 6’ = .00175.

The second special graduation is also indicated by a longer graduation
located at about 1.18°. It is used in exactly the same way as the graduation
for minutes. Sin 1" = .0000048, approximately, and the sine increases by
this amount for each increase of 1” in the angle, reaching .00029 for
sin 60"’ or sin 1’ = .00029.

Trigonometric Computations

Many formulas involve beth trigonometric ratios and other factorst By
using severa] different scales such computations are easily done.

EXAMPLES:
(a) Find the length of the legs of a right triangle in which the hypotenuse
is 48.3 ft. and one acute angle is 25° 20'.
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The side opposite the given acute angle is
equal to 48.3 sin 25° 20’. Hence we com-
pute 48.3 X sin 25.3°. Set the index (right-
hand index in this example) of the C scale
on 48.3 of the D scale. Move the hairline
over 25.3° on the S scale. Read 20.7 under
the hairline on the D scale. Another method
is to set the left index of the C scale and
D scale opposite each other. Set the hairline
over 25.3° on the S scale. Move the slide
so that (right) index of the C scale is under
the hairline. Read 20.7 on the D scale under 48.3 of the C scale. The length
of the other leg is equal to 48.3 cos 25.3° or 48.3 sin 64.7° = 43.7.

(b) One angle of a right triangle is 68.3°, and the adjacent side is 18.6 ft.
long. Find the other side and the hypotenuse.
a = 18.6 tan 68.3° or 18.6/cot 68.3
18.6/cos 68.3°.

For single T scale

To find 4, set the indicator on 18.6 of the D scale, pull the slide until 68.3
of the T scale (read from right to left) is under the hairline, and read ¢ = 46.7
on the D scale under the right index of the C scale. To find c, pull the slide until
68.3° of the § scale (read from right to left) is under the hairline (which
remains over 18.6), and read the result 50.3 on the D scale at the right index.

For double T scale

To find 4, set the left index of C on 18.6 of the D scale. Move the hairline
over 68.3 on the lower T scale and read 2 = 46.7 on the D scale under the
hairline. To find C, move the hairline over 18.6 of the D scale. Pull the slide
until 68.3° of the 8 scale (read from right o left) is under the hairline, and read
the result 50.3 on the D scale at the right index.

This problem may also be solved by the law of sines, namely,
sin A _sinB _ sinC o sin 68.3  sin 21.7 1
a b ¢’ a 186 ¢

Set 21.7° on 8 opposite 18.6 on D. Read ¢ = 50.3 on D under 1 of C. Move
indicator to 68.3° on S, read 46.7 under the hairline on D.
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(c) Find one side and two angles of an obtuse triangle when two sides
and an included angle are known.

Given: ¢ = 428; b = 537; A = 32.6°

Find: a, B, and C.

Construct: Line h from the vertex of
C B perpendicular to AC.

This divides A ABC into
Fig. 10 2 right triangles.

Then h = c Sin A, from the formula for sine of an angle.
Set right index of C over 428 on D and read h = 231 on D scale opposite
32.6° on S scale. Also,

h
m = from formula for tangent of an angle.

Opposite h (231) on D scale set 32.6° on T scale, and read 7z = 361 on
D scale opposite right index on C scale. Since 7 is now known,
n = b—m = 176.

Tan C = —, from formula for tangent of an angle.
n

Opposite 231 on D scale set 176 on C scale and read 1.312, or tan C on D
opposite left index of C scale.
For single T scale set 1.312 on CI (see rule page 30), and read C = 52.7°
onT,

For double T scale set 1.312 on C and read C = 52.7° on lower T.

Finally, a = from formula for sine of an angle.

h
Sin C’
Set hairline over 231 on D. Move 52.7° on S under hairline.
Read 2 = 290 on D at right index of C.
Since A + B + C = 180°,
then B = 180° — (A+C) = 180° — 32.6° — 52.7° = 94.7°,
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PART 3-ELEMENTARY VECTOR METHODS

COMPLEX NUMBERS AND VECTORS

A vector quantity is one which has both magnitude and direction. For exam-
ple, force and velocity are vector quantities. A quantity which has magnitude
only is called a scaler. For example, mass is a scalar. Vector quantities are
often represented by directed straight line segments. The length of the seg-
ment represents the magnitude in terms of a selected scale unit. The segment
has an initial point A and a terminal point B, and direction is usually indicated
by an arrowhead at B pointing in the same direction as the motion of a point
which travels from A to B. In Fig. 11), three vectors are represented; namely

AB of magnitude 5, AC of magnitude 4,

and CB of magnitude 3. Vectors AB and

AC have the same initial point, A, and

form an angle, CAB, of 36.9°. The initial
3  point of vector CB is at the terminal point
of AC. Vectors CB and AB have the same
terminal point.

Operations with vectors (for example,
€ addition and -multiplication) are per-
formed according to special rules. Thus in Fig. 11, AB may be regarded as the
vector sum of AC and CB. AB is called the resultant of AC and CB; the latter
are components of AB, and in this case are at right angles to each other. It is
frequently desirable to express a given vector in terms of two such components
at right angles to each other. Conversely, when the components are given,
it may be desirable to replace them with the single resultant vector.

P (x, y) In algebra, the corpplex number x + 7y,

where 7 = /= 1, is represented by a

point P (x, y) in the complex plane, using

) a coordinate system in which an axis of

“pure imaginary” numbers, OY, is at

0 right angles to an axis of “real” numbers,
(0 e e e OX.

The same point can be expressed in terms of polar coordinates (p, 8) in
which the radius vector OP from the origin of coordinates has length p and
makes an angle ¢ with the X-axis. The two systems of representation are
related to each other by the following for. .iulas:

Fig. 12

(1) x = p cos 6, ) tan 0 = ot § = arctan 2
x x

@)y = psin 6, @) o= x>+
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Finally, the complex number x + iy may be regarded as a vector given in
terms of its components x and y and the complex operator / = v/ — 1. In
practical work the symbol ; is preferred to 4, to avoid confusion with the
symbol often used for the current in electricity.

The “Euler identity” e/ = cos 6 + j sin 6 can be proved by use of the series
expansions of the functions involved. Theq pe’® is an exponential representa-
tion of the complex number x -+ 7y, since pe”® = p cos § + jp sin 6 = x + jy.
The notation is often simplified by writing p /8 _in place of pe”.

If two or more complex numbers are to be added or subtracted, it is con-
venient to have them expressed in the form x + jy, since if Ny = x1 + jn,
and Ny = x5 + jys, then Ny + Ny = (x1 4+ x2) + (1 + 32). If, however,
two or more complex numbers are to be multiplied, it is convenient to have
them expressed in the exponential form. Then if Ny = pe™ and N, =
pee™®, then NiNa = p1pee/®*® o1 (p1 /61 ) (p2/82) = p102 /61 + 65 .

It is therefore necessary to be able to change readily from either of these
representations of a complex number to the other.

Changing from Components to Exponential Form

If a complex number x + jy (or vec-
tor in terms of perpendicular compon-
ents) is given, the problem of chang-
ing to the form p /0 is equivalent to
finding the hypotenuse and one acute
angle of a night triangle. The formulas

pd  tan § = Zandp=y/sin 6, or p = x/cos 8,
x

x

are thé basis of the solution. Thus if N = 4 4 73, when 4 of C is set oppo-

site’3 of D, the value of the ratio Z’ org = .75 is read on D under the C index.
x i

If the indicator is set at the index, and the slide moved so that .75 is under
the hairline, the value of 6 = 36.9° may be read on the T scale. Then p =
3/sin 36.9 may be computed by moving the indicator to 3 on the D scale,
pulling 36.9 on the S scale under the hairline, and reading p = § on the
D scale opposite the left index of C. However, this method involves several
unnecessary settings and is thus more subject to error than the method
given in the general ruie below.

A single T scale reading from 5.7° to 45° (left to right) and from 45° to-
84.3° (right to left) will enable you to make all calculations. In order to pro-
vide ease in reading and to simplify the solution of certain problems the T scale
on some models of slide rules is doubled. That is, the scale for tangents of angles
from 5.7° to 45° is above the line and the scale for angles from 45° to 84.3°
is below the line. Check your slide rule and determine the section of the manual
that is applicable.
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For single T scale

Observe that if x and y are both positive and x = y, then tan 6 = 1 and
6=45° Ify < x, then § < 45°% if y > x then § > 45°. Thus if y < x, the
T scale is read from lef? to right. If y > x, the T scale is read from right to lefs.

Rule: (i) To the larger of the two numbers (x, y) on D set an index of
the slide. Set the indicator over the smaller value on D and read 6 on the
T scale. If y < x, then § < 45. If y > x, then § > 45, and is read from
right to left (or on the left of the graduation mark).

(ii) Move the slide until § on scale S is under the indicator, reading S
on the same side of the graduation as in (i). Read p on D at the index of
the C-scale.

Observe that the reading both begins and ends at an index of the slide.
By this method the value of the ratio y/x occurs on the C (or CI) scale of the
slide over the smaller of the two numbers, and the angle may be read imme-
diately on the T scale without moving the slide. In using any method or rule,
it is wise to keep a mental picture of the right triangle in mind in order to
know whether to read 6 on the T or on the ST scale. Thus if the ratio y/xisa
small number, the angle 0 is a small angle, and must be read on the ST scale.
To be precise, if y/x < 0.1, the ST scale must be used. Similarly, if the ratio

y/x > 10, the angle § will be larger than 84.3° and cannot be read on the T
scale. The complementary angle ¢ = (90 — 6) will, however, then be on the
ST scale, and then 6 may be found by subtracting the reading on the ST scale
from 90°, since 6 = 90 — .

-EXAMPLES:

(a) Change 2 + ;3.46 to exponential or “'vector’ form. Note 8 > 45, since
9 > x (or 3.46 > 2). Setright index of S opposite 3.46 on D. Move indicator
to 2 on D. Read 8 = 60° on T at the /ef? of the hairline. Move slide until
60° on scale S is under the hairline (numerals on the %fz), and read p = 4 on
the D scale at the C-index. Then 2 + 73.46 = 4pe’® = 4 /60°.

(b) Change 3 + 42 to exponential or vector form. Note that § < 45°
since y < x (second component less than first) . Set right index of S over
3 on D. Move indicator to 2 on D, read §=33.7° on T (use numerals on
the right-hand side of graduations). Move slide until 33.7° on Scale §
is under the hairline (numerals on right), and read 3.60 on the D scale at
the C index. Hence 3+72=3.60 /33.7.

(c) Change 2.34 + ;.14 to exponential form. Since y < x, then 6 < 45°.
Moreover, the ratio. y/x is a small number (actually about .06). Since the
tangent has one zero, the angle may be read on the ST scale. Set right index
of S opposite 2.34 of D. Move indicator to .14 on D. Read 6 = 3.43° on ST.
The slide need not be moved. The value of p is approximately 2.34. In other
words, the angle is so small that the hypotenuse is approximately equal to the
longer side. Then 2.34 + 714 = 2.34 /3.43.

(d) Change 1.08 + 726.5 to exponential form. Here y > x, so that § > 45°.

z 2

Bot = 108

1.08 of D. Read ¢ = 2.34° on ST. The slide need not be moved. The value

of p is approximately 26.5; 6 = 90 — 2.34° = 87.66°. Hence 26.5 /87.66°
is the required form.

> 10. Set right index of S on 26.5 of D. Move indicator to
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The following method of changing x + jy to the form p /0 using the
DI scale is sometimes easier to use than methods based on the D scale.

Rule: (i) To the smaller of the two numbers (x, y) on DI set an index
of the slide. Set the indicator over the larger value on DI and read 6 on
the T scale. If y < x, then 6 < 45°. If y > x, then > 45° and is read
from right to left (or on the left of the graduation mark).

(ii) Move the indicator over 6 on scale S (or ST), reading S on the
same side of the graduation as in (i). Read p on DI under the hairline.

EXAMPLES: .

(a) Change 2 + 7 3.46 to exponential form. Note that y > x since
3.46 > 2, and hence § > 45°. Set right index of C over 2'on DI. Move
indicator to 3.46 on DI. Read 6 = 60° on T. Move indicaror to 60° on S.
Read p = 4 on DI. Hence 2 4/ 3.46 = 4/60°.

(b) Change 114 + 7 20 to exponential form. Here y < x, so 6 < 45°.
Set lef index of C over 20 on DI. Move indicator to 114 on DI. Read

6 = 9.95° on T. Move hairline to 9.95° on S. Read p = 116 on DI. Hence

114 + 720 = 116 /9.95°.

It will be observed that this rule is, in general, easy to use. In step (i) the
value of tan 6 for 8 < 45° may be observed under the hairine on the
C scale, and the value of tan 6 for § > 45° under the hairline on CI.

It may be noted that the rule given first (using the D scale) obtains the
result in example (b) above without having the slide project far to the
right. Thus, it appears that the relative advantages of the two methods
depend in part upon the problem.

If x and y are both positive, § < 90°. If x and y are not both positive, the
resultant vector does not lie in the first quadrant, and 6 is not an acute angle.
In using the slide rule, however, xand y must be treated as both positive. It is
therefore necessary to correct § as is done in trigonometry when an angle is
not in the first quadrant.

E-iAMPLES:

(2) Find the angle between the X-axis and the radius vector for the complex
number — 4 4 73. First solve the problem as though both components were
positive. The angle 6 obtained is 36.9°. In this case the required angle is
— 4443 Y — 4443 180° — 0 = 180° — 36.9° = 143.1°.

Hence — 4 + 73 = 5 /143.1".

Similarly for —4 — 3, the required
3 angle is 180 + 6 = 180 + 36.9° =
x 2169°, 50 —4—j3=5 /216.9°.

For 4 — 73 the required angle is

| ]

{
— 3: Pid W l—3 360° — 6 =3231°, so 4 — ;3 =
v 7 N 5 /323.1°, -which may also be ex-
4 _V].3 4 _“_‘. 73 pressed in terms of a negative angle as

Fig. 14 5/— 36.9°

(b) Change 17.2 — 76.54 to exponential form. Here the rario y/x is negative
so 0 can be expressed as a negative angle. In numerical value y < x, so the
numerical or absolute value of 8 < 45°. Set left index of S opposite 17.2 on D.
Move indicator over 6.54 of D, read 6 = 20.8° on T. Pull 20.8 of S under
hairline, read 18.4 on D ar left index. Hence 17.2 — j6.54 = 184 /— 20.8°,

or 18.4 /339.2°.
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For double T scale

Observe that if x and y are both positive and x = 9, then tan § = 1 and
v = 45°. If y < x, then 8 < 45°; if y > x then § > 45°. Thus if y
< x, the upper T scale is used. If y > x, the lower T scale is used.

Rule. (i) to x of the two numbers (x, y) on D setan index of the slide.
Set the indicator over the value of y on D and read 6 on the T scale. If
y < x, then § < 45°, and is found on the upper T scale. If y > x, then
@ > 45, and is read on the lower T scale.

(ii) Move the slide until 8 on the S scale is under the hairline. Interchange
the indices of the C scale if necessary. Read p on D under the index of
the C scale.

Observe that the reading both begins and ends at an index of the slide.
By this method the value of the ratio y/x occurs on the C (or CI) scale of the
slide over y of the two numbers, and the angle may be read immediately on
the T scale without moving the slide. In using any method or rule, it is wise to
keep a-mental picture of the right triangle in mind in order to know whether
to read 6 on the T or on the ST scale. Thus if the ratio y/:x is a small number,
the angle @ is a small angle, and must be read on the ST scale. To be precise,
if y/x < 0.1, the ST scale must be used. Similarly, if the ratio y/x > 10, the
angle 6 will be larger than 84.3° and cannot be read on the T scale. The com-
plementary angle ¢ —= (90 — ) will, however, then be on the ST scale, and
then 6 may be found by subtracting the reading on the ST scale from 90°,
since § = 90 — ¢.

EXAMPLES:

(a) Change 2 + 73.46 to exponential or “vector” form. Note § > 45, since
y<x (or 346 > 2). Set left index of S opposite 2 on D. Move indicator to 3.46
on D. Read § = 60° on lower T. Move slide until 60° on scale S is under the

hairline (numerals on the right), and read p = 4 on the D scale at the C-index.
Then 2 + 73.46 = 4,, j60 = 4/60°.

(b) Change 3 + 42 to exponential or vector form. Note that § < 45° since
y < x (second component less than first). Set right index of S over 3 on D.
Move indicator to 2 on D, read §=33.7° on upper T. Move slide until 33.7°
on scale S is under the hairline (numerals on right), and read p=3.60 on the
D scale at the C index. Hence 3 -} j2 = 3.60 /33.7.

(c) Change 2.34 + 4.14 to exponential form. Since y < x, then § < 45°.
Moreover, the ratio y/x is a small number (actually about .06). Since the
tangent has one zero, the angle may be read on the ST scale. Set right index
of S opposite 2.34 of D. Move indicator to .14 on D. Read § = 3.43° on ST.
The slide need not be moved. The value of p is approximately 2.34. In other
words, the angle is so small that the hypotenuse is approximately equal to the

longer side. Then 2.34 + 4.14 — 2.34 /3.43.
(d) Change 1.08 + j26.5 to exponential form. Here y > x, so that § > 45°.
But )—yc = —l—og > 10. Set right index of S on 26.5 of D. Move indicator to

1.08 of D. Read ¢ = 2.34° on ST. The slide need not be moved. The value
of p is approximately 26.5; 6 = 90 — 2.34° = 47.66°. Hence 26.5 /87.66°
is the required form.
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The following method of changing x 4 7y to the form p /8 using the
DI scale is sometimes easier to use than methods based on the D scale.

Rule: (i) To y of the two numbers (x, y) on DI set an index of the slide.
Set the indicator over the value of x on DI and read § on the T scale.
If y < x, then § < 45°, and is found on the upper T scale. If y > x, then
@ > 45° and is read on the lower T scale.

(ii) Move the indicator over § on scale S (or ST). Interchange the
indices of the C scale if necessary. Read p on DI under the hairline.
EXAMPLES:

(a) Change 2 + §3.46 to exponential form. Note that y>x since 3.46
> 2,and hence § > 45°. Set left index of C over 3.46 on DI. Move indicator
to 2 on DI. Read § = G0° on lower T. Interchange index of C scale. Move
indicator to 60° on S. Read p = 4 on DI. Hence 2 + j3.46 = 4/60°.

(b) Change 114 -+ 520 to exponential form. Here y < x,s0 § < 45°. Set
the left index of C over 20 on DI. Move indicator to 114 on DI. Read
6 = 9.95° on T. Move hairline t0 9.95° on S. Read p = 116 on DI. Hence
114 1 120 = 116 /9.95°.

It will be observed that this rule is, in general, easy to use. In step (i) the
value of tan § may be observed under the hairline on the C scale. It may be
noted that the rule given first (using the D scale) obtains the result in example
(b) above without having the slide project far to the right. Thus, it appears that
the relative advantages of the two methods depend in part upon the problem.

If x and y are both positive, 6§ < 90°. If x and y are noz both positive, the
resultant vector does not lie in the first quadrant, and 6 is not an acute angle.
In using the slide rule, however, x and y must be treated as both positive. It is
therefore necessary to correct 6 as is done in trigonometry when an angle is
not’in the first quadrant.

EXAMPLES:

(a) Find the angle between the X-axis and the radius vector for the complex
number — 4 + /3. First solve the problem as though both components were
positive. The angle 8 obtained is 36.9°. In this case the required angle is
—4+3 Y ~— 4443 180° — 8 = 180° — 36.9° = 143.1°.
Hence — 4 + 73 = 5 /143.1".
Similarly for —4 — 73, the required
angle is 180 4 6 = 180 4 36.9° =
216.9°, so — 4 — ;3 = 5 /216.9°.
For 4 — 73 the required angle is
360° — 6 = 323.1°, so 4 — 73 =
5 /323.1°, which may also be ex-

= iy pressed in terms of a negative angle as
=7 Fig. 14 =8 5 D g6, £
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(b) Change 17.2 — j6.54 to exponential form. Here the ratio y/x is negative
so 0 can be expressed as a negative angle. In numerical value y < x, so the
numerical or absolute value of 6 < 45°. Set left index of S opposite 17.2 on D.
Move indicator over 6.54 of D, read § = 20.8° on T. Pull 20.8 of S under
hairline, read 18.4 on D at left index. Hence 17.2 — j6.54 = 18.4 /— 20.8°,

or 18.4 /339.2°.

Changing from Exponential Form to Components

The process of changing a.complex number or vector from the form
pe?? = p /ito the form x 4 jy depends upon the formulas x = p cos 0,
y = psin . These are simple multiplications using the C, D, and S (or ST)
scales.

Rule: Set an index of the S scale opposite p on the D scale. Move in-
‘dicator to § on the S (or ST) scale, reading from left to right (sines).

Read y on the D scale. Moving indicator to § on the S (or ST) scale,
reading from right to left (cosines), read x on the D scale.

If 6 > 90° or § < 0, it should first be converted to the first quadrant, and the
proper negative signs must later be associated with x or y.

EXAMPLES:
(a) Change 4 /60° to component form. Set right index of S on 4 of D.

Move indicator to 60° on S (reading scale from left to right). Read 3.46 on D
under hairline. Move indicator to 60° on S, reading scale from right to left
(cosines). Read 2 on D under hairline. Hence 4 /60° = 2 4 ;3.46.

(b) Change 16.3 /15.4° to the x + jy form. Set left index of S on 16.3 of
D. Move indicator to 15.4°0f S, read 4.33 on D. Since 15.4° reading from
right to left is off the D scale, exchange indices so the right index of C is
opposite 16.3 of D. Move indicator to 15.4 of S, and read 15.7 on D. Hence
16.3 /15.4° = 15.7 + 74.33.

(c) Change 7.91 /3.25° to component form. Set right index of Son 7.91 of

D. Moveindjcator to 3.25 on ST. Read 0.448 onD. To determine the decimal
point, observe that the angle is small, and hence the y component will also be
small. Obviously, when the hypotenuse is near 8, 4.48 would be too large,
and 0.0448 too small, to produce an angle of 3.25°. The cosine cannot be set
on ST, but the angle is so small that the x-component is practically equal to
the radius vector or hypotenuse. Hence 7.90 is a close approximation, and
7.91 /3.25° = 7.90 + 70.448.

(d) Convert 263 /160° to the x + jy form. Since 160° > 90°, compute

180° — 160° = 20°. Set left index of the S scale on 263 of D. Move indicator
to 20° on S. Read 90.0 on D. Move the slide so that the right index of S is
on 263 of D. Move indicator to 20 (reading from right to left) on S. Read
247 on D. Since the angle is in the second quadrant, 263 /160° = — 247 +

790.
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ILLUSTRATIVE APPLIED PROBLEMS

1. Two forces of magnitude 28 units and 39 units act on the same body but
at right angles to each other. Find the magnitude and angle of the resultant
force.

[~—————"=-=m In complex number notation, the resultant is
Fig. 15 ~~ | 394,28 Change this to exponential form.

. L | Since 28 < 39, then 6 < 45°. Set the right index
7 ! of Son39 of D. Move indicator to 28 of D.

%& 0 J Read 6 = 35.6° on T. Move slide so 35.6° on
30 S is under the hairline. Read p = 48.0 on D

under the S-index. Hence the resultant has
magnitude 48 units, and acts in a direction 35.6° from the larger force and
90 — 35.6° or 54.4° from the smaller force. This angle can be read on the
S scale under the hairline
2. A certain alternating generator has three windings on its armature. In
each winding the induced voltige is 266.4 volts effective. The windings are
connected in such a way that the voltages in each are given by the following
vector expressions.

E; = 266.4 (cos 0° — j sin 0°)

E, = 266.4 (cos 120° — j sin 120°)
= 266.4 cos 120° — j 266.4 sin 120°

Es = 266.4 (cos 240° — ; sin 240°)
= 266.4 cos 240° — ; 266.4 sin 240°

Express these numerically.

E, = 266.4 (1 — 70) = 266.4 — 70

To find E,, reduce the angles to first quadrant by taking 180° — 120° = 60°.
Set the right index of S on 266.4 of D. Move the indicator to 60° of S (reading
right to left). Read 133.2 on D. Move indicator to 60° on S, read 230.7 on D.
Then

E; = — 133.2 — ;230.7
To find Es, reduce 240° to the first quadrant by noting 240° = 180° + 60°.
Hence, except for a negative sign, E; is the same as E,, and

Es = — 133.2 + 7230.7
Suppose the first and second windings are so connected that their voltages
subtract; that is,

Eo = Ey — E; = (266.4 — j0) — ( — 133.2 — ;230.7) = 399.6 + 7230.7
This may be changed to the p /6 form. Set the right index of S on 399.6 of
D. Move the indicator to 230.7 of D. Read 6 = 30° on T. Move slide so
that 30° on S is under indicator, and read 461 on D at the S-index. Then
Eo = 461 /30°, and hence the voltage is 461 volrs and leads the voltage

El by 300.
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3. An alternating voltage of 104 + 760 is impressed on a circuit such that the
resulting current is 24 — 732. Find the power and power factor. First convert
each vector to exponential form.

E = 104 + 760 = 120 /30° volts, approximately

I =24 — 32 = 40 /— 53.1 amperes, approximately.
Hence the voltage leads the current by 30° — ( — 53.1) = 83.1°.
The power factor cos 83.1° = 0.120.

The power P = EI cos 6 = (120)(40)(0.120) = 576 watts, approximately.
4. The “characteristic impedance” of a section of a certain type of line is

.. 2
given by the formula Z, = \/2122 + _Z_i_, where in each case, the symbol

Z represents a vector quantity. Compute Zo when

Z; = 40 + 7120, Z, = 220 — 7110.
First convert to exponential form.
’ Z; =40+ 7120 = 126 /71.6°

Z, = 220 — ;110 = 246 /— 26.6°

Hence Z,:Z, = (126)(246) /71.6 — 26.6
= 31,000 /45.0°
Z? _ 126°
— = 4 [2016)
L1505,
= 3,975 /1432

Z = /31,000 /45.0° + 3,975 /143.2

Since vectors are to be added before the square root is found, it is now con-
venient to convert them to component form.
31,000 /45.0° = 21,900 + 721,900
3,975 /143° = —3,180 + ;2,390
To compute the latter, take 180° — 143° = 37°, compute the components

using 37°, and observe that the x or real component must be negative since
143° is an angle in the second quadrant. Then

Z = /(21,900 — 3180) + /(21,900 + 2390)

= /18,720 + 724,290
In order to find the square root, it is convenient to change back to ex-
ponential form.

Z = /18,720 + 724,290 = /30,600 /52.4°
= 175 /26.2° ohms.

The final result is obtained by setting 30,600 on D and reading 175 on \/;
the angle 52.4° is merely divided by 2. This problem shows the value of being
able to change readily from one form of vector representation to the other.
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PART 4. USE OF LOG LOG SCALES

To find the value of 1.37, 5.6**' /38, 3\784, and many other types of
expressions, Log Log scales are used. The method of computing such expres-
sions will be explained in later sections. First the Log Log scales will be
described.

The Log Log scale has cwo main parts. One part is used for numbers greater
than 1. The other part is used for numbers between 0 and 1; that is, for proper
fractions expressed in decimal form. On some models of the slide rule these
two parts are arranged "back to back!” One part, indicated by LL1+, is above
the line. The other part, indicated by LL1— is under the line. (See Fig. 16). On
other models the parts are separated.

+.000 i
Ll —-.000 4 <.

Fig. 16

READING THE SCALES

Numbers greater than 1:

On an ordinary logarithmic scale, such as the D scale, any particular grad-
uation represents many different numbers. Thus the graduation labeled 2
represents not only 2, but also 20, 200, .2, .02, etc. In contrast, any graduation
on a Log Log scale represents only one number. The principal graduations are
labeled with a number in which the decimal point is shown.

The scales labeled LL1+, LL2+, LL3+, LL4+ are sections of one con-
tinuous scale abour 40 inches long. The top scale, marked LL1+, begins at
the left end at about 1.00230. Set the hairline of the indicator on this mark,
then move the indicator slowly to the right, reading 1.0025, 1.003, etc., ending
at 1.0232. When the end of the scale is reached, move the indicator to the
left end of the rule and continue reading on the LL2+ scale, reading 1.03,
1.04, etc., to about 1.259. The scale marked LL3+ begins at 1.259 and ends
at 10. Finally, the scale LL4+ begins at 10 and ends at 10 or 10,000,000,000
(ten billion).

There is no difficulty in reading the principal graduations since they are
Jabeled and the decimal point is shown. Between the principal graduations the
intervals are subdivided in several different ways. Thus the graduations be-
tween the numbers shown do not have the same meaning in all sections of
the scale. To the beginner, this variation in the meaning of the scale divisions
is often confusing. However, as one gains familiarity with the instrument, the
proper reading usually may be obtained at a glance. The basic scheme is the
same as that used in sub-dividing ordinary logarithmic scales, such as C and D.

(1) To locate a number, look first for the nearest smaller number that ap-
pears on the scale.
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(2) Second, observe the major subdivisions between the nearest smaller
number and the one following it. Sometimes there are 10, at other times 5, and
at still other times only 2 or 3 major parts of the interval.

The general idea used in reading the scales may be stated informally as
follows: Starting with the smaller printed number, decide how you must
count” the major graduation marks to come -out correctly at the larger
printed number. :

(3) Third, in most cases there are still other or minor subdivisions between
the major ones. These minor subdivisions divide the major intervals into 10
sub-parts, 5 sub-parts, or 2 sub-parts. Use the slide rule and check the location
* of the numbers in the following table.

Number Scale
1.01278 is between 1.01 and 1.015 on LL1 +
1.173  is between 1.15 and 1.2 on LL2 +
4.78 is between 4 and 5 on LL3 +
1.054  is between 1.05 and 1.06 on LL2 +
1.862  is between 1.8 and 1.9 on 1L3 +
25.6 is between 20 and 30 on LL4+
Examples: Count by “ones” (thousandths)
(a) Then by “ones™ again (tenths of thousandths)

+oo0 [l
L2000 i sssbprinshpsebronbysbbip
5 major sub-parts

10 minor sub-parts

In this example, there are 10 minor sub-parts. Each represents one-tenth of
the interval. Starting at 1.01, the graduations read in sequence represent the
following numbers: 1.0101, 1.0102, 1.0103, 1.0104, 1.0105, 1.0106, 1.0107,
1.0108, 1.0109, 1.0110, 1.0111, etc.

(b) Count by “ones” (units)
Then by “fives” (halves of units)

LLa*D %%MW it
=D. %05

10 major sub-parts
2 minor sub-parts

In this example the minor subdivisions represent halves of the major inter-
val. Hence the graduations read in order represent 20, 20.5, 21, 21.5, etc.
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(c) Count by “ones” {tenths of thousandths) |
Then by “fwves” (bhundredths of thousandths)

+.00D 1.

[

10 major sub-parts
2 minor sub-parts

In this example the minor subdivisions represent half the interval. and the
readings in order are 1.006, 1.0065, 1.00605, 1.0061, 1.00615, etc.

(d) Count by "tens” (ten)
Then by “fves” (five)

1ot 200

st

<o <005 '

10 major sub-parts
2 minor sub-parts

In this example the minor subdivisions represent_halves of the major sub-
interval. The readings in order are 100, 105. 110, 115, etc.

Count by “hundreds” (hundred)
(e) Then by “tens” (ten)

200 500
LLa't WWMW : b
-D <005

3 major sub-parts
10 minor sub-parts

In this example the minor subdivisions represent tenths of the major sub-
intervals. The graduations read in order represent 200, 210, 220, 230, etc.

The general idea is the same in all cases. It is necessary to decide hf)w”thp
marks must be “counted” to come out right. That is, if the “counting” is
properly done, it “comes out right” when the next principal graduation (labelled

with a number) is reached.
Nunibers from 0 to 1:

The scales labeled LL1—, LL2— LL3—, LL4— are parts of one continuous
scale 407 long reading from about .9977 to 10 or .000,000,0001. The ranges
of these sections are approximately as follows.

SCALE LEFT INDEX RIGHT INDEX
LLY ~— 9977 977
LL2 - 977 794
LE5~ 794 .100
LL4 ~ .100 .000,000,000,1
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The methods of subdividing these scales are the same as those used for
numbers greater than 1. The methods of reading the scales are also the same.
Use the slide rule to check the location of the numbers in the table below. As
before, look first for the nearest smaller number at a principal graduation mark.

NUMBER SCALE
984 between .98 and .99 on LLT—
813 between .80 and .85 on LL2—
231 between .20 and .25 on LL3 —
.026 between .01 and .05 on L14—

The examples below show how the scales may be read.

f) Count by "ones” (thousandths)
Count by “ones” (tenths of thousandths)

+.00D 1. 1.
LLY _g0p

10 major sub-parts
10 minor sub-parts

In this example there are 10 minor sub-parts. Each represents one-tenth
of the interval. The graduations read in order from right to left represent
.9801, .9802, .9803, .9804, .9805, etc.

(g) Count by “ones” (thousandths)
. Then by “fives” (tenths of thousandths)

+.0D 1. 1
L2l (hRgtp ey
10 major sub-parts

2 minor sub-parts

In this example there are 2 minor sub-parts. The graduations read i
srder from right to left represent .9300, .9305, .9310, 9315, .9320, etc.

Count by "ones” (hundredibs)
(h) Then by “ones” (thousandths)

1. .
e =38 WMMMWWW i
5 major sub-parts

10 minor sub-parts

In this example there are 10 minor sub-parts. Each represents one-tenth
of the interval. The graduations read in order from right to left represent
800, .801, .802, .803, .804, .805, .806, etc.
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(i) Count by “ones” (hundredths)
Then count by “twos” (thowusandths)

+ 2.5
LL3td W%WWWW% o

5 major sub-parts
5 minor sub-parts

In this example there are 5 minor sub-parts. Each represents one-fifth

of the interval. The graduations read in order from right to left represent
400, .402, 404, 406, .408, .410, etc.

(]) Count by “ones” (hundredtbs)
Then by “ones” (thousandths)

LLg +0- IMMV“WW b ;
D<o .05

5 major sub-parts
10 minor sub-parts

In this example there are 10 minor sub-parts. Each represents one tenth
of the interval. The graduations read in order from right to left represent

.050, .051, .052, .053, .054, .055, etc.

FUNDAMENTAL RELATIONSHIPS

There is a reciprocal relationship between numbers set on the Log Log
scales. This relationship plays an important role in the use of these models
of the slide rule.

Fig. 17

Check the readings in the table below on the slide rule. Observe that the
symbols for the scales have been chosen to emphasize this relationship.

Ex. Number Scale Reciprocal Scale
(a) 2 113+ 3 LL3—
(b) 5 LL3+ .20 LL3—
(c) 1.25 LL2+ .80 LL2—
(d) 1.0131 LL1+ 9871 1L1-
(e) 52 LL4+ 0192 LL4—
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It should be recalled that, in general, a number N may be represented by the
form b™. In this form the number & is called the base and the number 7 is called
the exponent. The number N is called the power. In this discussion the number
b will always be greater than o and not equal to 1, (ie, b>o0 and b=£1).

By definition, the logarithm of a number N to the base & is the exponent
that must be given to 4 to produce N. The number 7 in the expression above
is also the logarithm.

Exponential Form Logarithmic Form
N=bpm logy N=m
Although the Log Log scales of a slide rule have important uses in connection

with the exponential form, it will be convenient to consider first their use in
finding logarithms.

In general, if N represents a number under the indicator hairline on a Log
Log scale, the logarithm of N will be under the hairline of an ordinary
logarithmic scale, such as the D scale. The choice of the base 4 and the appro-
priate ordinary logarithmic scale is, however, affected by the type of scale
arrangement available on the slide rule.

In scientific work the most convenient base is often the number e (approxi-
mately 2.718). Slide rule scales are therefore arranged to favor this base. When
the base is ¢ the logarithms are called natural, hyperbolic, or Napierian. Common
logarithms have the number 10 as the base.

FINDING LOGARITHMS, BASE e.

On these models two special scales (DF/M and CF/M) are provided. (See
vage 21 ). They are ordinary logarithmic scales which are “folded” on 2.3,
approximately. When logarithms to base ¢ are to be found the following rule
applies.

Rule (a): Position. When the indicator is set over any number N on
a Log Log scale, the numerical value of the natural logarithm may be
read under the hairline on the DF/M scale, and conversely.

7b) Sign: If the number is greater than 1 (set on LL1+ to LL4+) the
logarithm is positive.

If the number is less than 1 (set on LL1— to LL4—) the logarithm is
negative.

[50%
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(¢) Decimal point. Place the indicator hairline over 1 of DF/M. Note
the following cases:

() If N is on LL3+ and LL4+ between e and 22,000 (under e), the
decimal point of the logarithm is at the right of the first digit read on DF/M.
(Observe the reminder symbol D. at the left end of LL4+.) This symbol also
governs the part of LL3+ to the right of e.

(72) If N is on LL2+ and LL3+ between 1.105 (above e) and e, the
decimal point of the logarithm is moved one place to the left of the first digit
read on DE/M. (Observe the reminder symbol .D at the left end of LL3+.
This symbol also governs the part of LL2+ to the right of 1 on DF/M.)

(7) If N is on LL24 and LL1+ between 1.105 and 1.01, the decimal
point of the logarithm is moved two places to the left of the first digit read
on DF/M. (Observe the reminder symbol .OD at the left end of LL2+.) This
symbol also covers the part of LL1+ to the right of 1 on DEF/M.

(#v) If N is on LL1+ to the left of 1.01, the decimal point of the logar-
ithm is moved three places to the left of the first digit read on DE/M. (Observe
the reminder symbol .OOD at the left of LL1+.)

(#) If N ison LL4+ to the right of 1 on DF/M, the decimal point in the
logarithm is moved two places to the right of the first digit read on DE/M.
(Note: log. 10” = 10 log. 10 = 10 (2.3) = 23. This is the logarithm of
the largest value on the Log Log scale.)

(2) to (v).The same rules hold for number set on the scales LL4+ to LL1+.

For small values of x, it is true that log. (1+x).=x, approximately. Hence
the logarithm of numbers on LL1+ is approximately equal to the decimal
fraction following the 1 in N. Thus log. (1.008) = .008, approximately. If
this fact is kept in mind, it is easy to place the decimal point in the logarithm.
The decimal point moves 1 place to the right each time the 1 of DF/M is
crossed from left to right.
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from left to right.

Check on the slide rule the readings shown in the table below:

Ex. Number Scale Log. N
(a) 4 LL3+ 1.386
(b) 1.15 112+ 0.1398
(©) 1.02 LL1+ 0.0198
(d) 30 LL4+ 34

(e) 1.405 LL3+ 0.34
) 1.0346 LL2+ 0.034
(8) 0.05 LL4— —3.00
(h) 0.63 LL3— —0462
(1) 0.946 LL2— —0.0555
G4) 0.9964 LL1— —0.0036

FINDING LOGARITHMS, ANY BASE
Logarithms to any base 2 may be found by the formula
logs N = (log. N) =+ (log. 2)

For common logarithms # = 10, and log, 10 = 2.303. Since
1 + 2303 = 4343,
the formula becomes
log,, N = 4343 log, N.

The value of logio N may be read directly on the D scale. The symbols D.,
.D,..0D, and .O0D at the left end of the Log Log scalés show how to place

the decimal point for any number set on the corresponding scale. With this -

scale arrangement, it is as easy, if not easier, to find logarithms to base 10
as to base e.

Rule (a): Position. When the indicator is set over any number N on a
Log Log scale, the numerical value of the logarithm to base 10 may be read
under the hairline on the D scale, and conversely.

(b) Sign: If the number is greater than 1 (set on LL1+ to LL4+ ), the
logarithm is positive.

If the number is less than 1 (set on LL— to LL4—) the logarithm is negative.
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Check on the slide rule the readings shown in the table below:

Ex. Number Scale Log,, N
(a) 4 113+ 602
(b) 1.15 112+ 0607
(c) 1.02 LL1+ .00860
(d) 30 LL4+ 1.477
(e) 1.405 LL3+ 1477
(f) 1.0346 112+ 01477
(g) 0.05 LL4— —1.301
(h) 0.63 LL3— —201
(1) 0.946 LL2— —0241
(j) 0.9964 LL1— —00157

FINDING POWERS OF e

Powers of e are easily found by using the Log Log scales. Since if m =
log. N, then by definition e™ = N, the process is the reverse of finding the

logarithm.

Rule: To find a power of e, set the indicator over the exponent on the
DF/M scale, and read the corresponding value onthe Log Log scale. The
appropriate scale is found by using the rules for the decimal point in the
logarithm.

Verify the following examples by use of the slide rule.

Scale for Scale for
Ex. Problem Exponent Power Power
(a) e? DF/M 20.1 LL4+
(b) g0 DE/M 1.284 I13+
© g vo8l DE/M 1.0844 LL2+
(d) e~20 DF/M 0.135 LL3—
(e) giR DF/M 0.819 LE2—
(f) ¢ —0m DF/M 0.9802 i
(2) ¢~ - 0.998 1.000-.002
(i) ¢ 5% DF/M 4230. LL4+
() e~ DE/M 0.0334 LL4—
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FINDING POWERS OF ANY BASE

The Log Log scales may be used to find any power of any base. Since roots
may be expressed by exponents that are fractions in decimal form, the Log ng
scales may also be used to find any root of a positive number. These statements
are, of course, subject to certain restrictions which are of minor importance
in practical work.

The problem is to compute N=b™ when & and » are known numbers. The
general method is given by the following rule.

Rule: To find. 5™, when 72>>0 set the index of an ordinary logarit_:hmic scale
on ‘the slide (C, CF,) opposite 4 on a Log Log scale. Move the indicator to 7

of the ordinary logarithmic scale, and read 4™ under the hairline on the Log
Log scale.

il A ?lmhxmlHH’Illlr'r'l’iﬂlt|||,2H||<|I|||J||{’\lsuilltlllvyllr‘!rﬁ?!Hllrlw.?HWm’?HWanlH\uu|?||||||um||hm%|H|f|||| mflm
I ST BN AU R R e Ui IR i

+D 1.3 1.35 1. 1. 1.6 1. 1.8
LL3 2y
: <15 <70 <.65 .60/ ‘ .55

Fig. 19 i

Example: To find N=1.3*2 set the index of the C scale over 1.3 of the Log
Log scale. Move the indicator hairline over 2.2 of the C scale. Read 1.78 on the
Log Log scale.

The rule is based on mathematical theory which may be illustrated as follows:
Given N=1.3** take logarithms of both sides. Then log, N=2.2 log, 1.3.

To compute the right member, take logarithms of both sides again. Then
logy, log. N=logy 2.2+ logy, log, 1.3.

The graduation at 1.3 of a Log Log scale of the slide rule represents a length
from the left index that is proportional to log,, log, 1.3.

The graduation at 2.2 of the C scale represents a length that is proportional
to log;, 2.2. The lengths are added on the slide rule. The graduation on the
Log Log scale at the sum represents N.

Since the method is simple, the main difficulty is to decide on which Log Log ]
scale to read the result. The following principles will be helpful: |

1) Remember that the Log Log scales for numbers greater than 1 are really
sections of a single continuous scale. They could be arranged end-to-end on a
long slide rule, with repeated lengths of D scale opposite them.

| LL1+ | LL3+ ' LL4+

LL2+ |
|

| D l D D D
Fig. 20
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Similarly, the Log Log scales for numbers less than 1 are really sections of a
single scale. They also could be arranged end-to-end on a long slide rule.

2) Think of the scales arranged end-to-end as above. If the exponent 7 is
greater than 1, then N = b™ would be to the right of 4. If the exponent 2 is
positive but less than 1, then N = b™ would be to the left of 5.

LL1+4 L2+ L1L3+ LL4-
. 1.01510()0 —
o 1.015" = 1.1605 1.015'° = 443
1.015 1.015 2,900,000
1.0023 1.015 1.0232 1.1605 1.259 4.43 10 2,900,000‘ 10,000,000,000.
L { | ! | ! I I |
C C
& ¥ ] |
m=1 m=10 m=100 m=1000
b=1.015 b=1.015 b=1.015 b=1.015
€ C C C
L | | |
m =0.001 m=0.01 m=0.1 m=1
b=2.900,000. b= 2,900,000. b=2,900,000. b= 2,900,000.
Fig. 21
e LL1l— — e 110 ——ple T13— > LL4—
995* 99518 1995400 9951000
.9977 .955 977 .9151 794 .665 10 .0066 .0000000001
C C C Cc
[ | L |
m=1 m=10 m=100 m=1000
C C C C
L ] 1 1
m=0.001 m=0.01 m=0.1 ==
b=.0066 b=.0066 b=.0066 b=.0066
Fig. 22

[551



3) Think of the scales arranged end-to-end as above. For any setting of the
indicator hairline, the reading on any section of the Log Log scale is the 10th
power of the reading on the adjacent section at its left. That is, moving one
scale section-length to the right has the effect of raising the number to the
10th power. Conversely, moving one section-length to the left has the effect of
taking the one-tenth power of the number.

Ex. Number Scale
1.015'=1.015 LL1+
(1.015)°=1.1605 LL2+

(a) (1.015)° = (1.1605)1°=4.43 134
(1.015)1990 = (4.43)1*=2,900,000. LL4+
2,900,000 = 2,900,000. LL4+
(2,900,000)° 1 =4.43 : LL3+

(a’) (2,900,000)°°! = (4.43)°1=1.1605 LL2+
(2,900,000) 00t = (1.1605) ** = 1.015 L1+
0.995'=0.995 LL1—

by  (0995)%°=0951 LL2—
(0.995)°°= (0.951) *°=0.605 LL3—
(0.995)1°°°= (0.951)°°=0.0066 LL4A—
0.0066' =0.0066 LL4—

(b) (0.0066)°*=0.605 LL3—
(0.0066)°°* = (0.605)°*=0.951 LL2—
(0.0066)°°°'= (0.951)°*=0.995 LL1—

Now (b™)*=b'""m For example, (4.°°) °=4 <=4 Moving the
decimal point in the exponent one place to the right is equivalent to raising the
number to the 10th power, so that the power is on the adjacent scale to the right
(or below). Moving the decimal point two places moves the number on the
Log Log scale two sections, etc.

Moving the decimal point in the exponent one place to the left has the effect
of moving the number on the Log Log scale one section to the Jeft, (or above),
etc.

Rule: Imagine the decimal point is at the right of the first significant digit
of the exponent, and decide on which scale 4™ would then be found. Then look
to the “right” or “left” as many sections as are needed to adjust the decimal
point to its true position.

Examples: (a) Find (1.03)2°. Set the left index of the C scale opposite
(1.03) of the Log Log scale. Move the indicator over 2 on the C scale. Observe
that (1.03)2=1.0609 is on the same section, and that (1.03)%°=1.806 is on
the adjacent or next section of the Log Log scale. Finally, (1.03)%*°=370 is
on the second section beyond (1.03)2
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(b) Find 4%, Set the index of the C scale opposite 4 of the Log Log scale.
Move the indicator over 5 on the C scale. Observe that 4> would be to the right
of 4 at 1024, and 4°° is to the left of 4. In fact, 4°° = 4" —~/ 4 = 2. Then
499 js one scale length farther to the left, and is 1.0718 on the next scale.

On some models a small chart (shown below) has been provided on the slide
to help in deciding on which scale 5™ is to be read. The left-hand part is read
as follows. When the left index of the C scale is set over b of a Log Log scale,
and there are 4 digits in m, then b™ is found 3 scales below (if there are that
many on the rule). If there are 3 digits in m then b™ is found 2 scales below.
If there is 1 digit in m, then b™ is found 0 scales below (i.e., on the same scale
as b). If there are 2 zeros in m, then b™ is found 3 scales above the one on which
b is located (if there are that many on the rule), etc.

L INDEX OF C ON b=INDICATOR ON m =R INDEX OF C ON b
O'SINmORZ'SINm| OF ¢ SCALE |DIGITSINmORZ'SINm
4321012 |pbMmTHENFOUND] 3 2 1 0 1 2 3

3210 SCALES BELOW| 3 2 1 0
0 1 2 3 [SCALES ABOVE 0123
Fig. 23

Note that if it is necessary to use the right index of an ordinary logarithmic
scale opposite b, the value of 6™ is read one scale to the Jefs (or “below”) where
it would be if the left index could be used.

Examples:
Problem Direction Number of Sections

Ex. b*=N from b from Scale of b Answer N
(2) 1554 Right 0 2.646
(b) 1.5%° Left 1 1225
(c) 1.0267° Right 1 232
(d) 2.2°3 Left 0 1.267
(e) 2252 Right 0 3.26
(f) 0.5 Right 0 0.435
(g) 0.4° Right 0 0.16
(h) 0.88°2% Left 0 0.9685
(i) 0.5%08 Left 1 0.9659
() 0.20-008 Left 2 0.9872

Rule. When the exponent is negative, use the same procedure as for positive
exponents, but read the final result on the reciprocal scale.

Examgples: (Compare with examples (a) to (j) above)
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(a') Find 1.5~ 2*. Compute 1.52* but instead of reading the result as 2.646
on LL3 +, read .378 on LL3— the reciprocal scale.

(b') 1.5-%. Compute 1.5% bur instead of reading the result as 1.225 on
LL2+, read 0.8165 on LL2— the reciprocal scale. Fig. 24.

(f_l) Find 0.5~ *. Compute 0.52 as in example (f) above, but instead of
reading 0.435 on LL3—, read the result 2.3 on LL3 + the reciprocal scale.

; | 1. 25
Lalgy e baeghrebushaldhe ket

4
S T A T e LS R
Fig. 24
PROBLEMS ANSWERS
1. 43%2 2000
1. 1g3P 1.348
3, 2.230-073 1.060
4. 325%° 0.0018
5. 734005 09822
6. 1.075-4* 0.7223
7‘ 8.5—0.107 0.795

ROOTS, AND COMMON FRACTIONAL EXPONENTS

There are two methods of finding roots

1
Rule: To find Vb or b™ set the index of C scale on b on the Log Log
scale, move indicator to m on CI, read result on Log Log scale under hairline.

This method uses the theory of exponents to express a root by using a
fractional exponent (e.g.=1/m). This fraction can be divided out and the
result used as an exponent as described under finding powers. Thus /3=
(3)% =3, However, the CI scale does the division automatically, since
it gives reciprocals of numbers on the C scale.

Moreover, in some applied problems the formulas being used express the
exponent as a common fraction, and it is then more convenient to use the
CI scale.
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Examples:

1
(a) Find 4\/8—5 or (85)** Set right index of C scale over 8.5 on the
Log Log scale. Move hairline to 4.2 on CI scale, read 1.664 on the Log Log
scale under hairline.

. 1
(b) Find \/0964 or (0.964). % =(0.964)°*%. Set the index of the C
scale opposite’0.964 of the Log Log scale. Move the indicator over 3 on CL
Since 1/.03 =33, approximately, the result is one scale section to the right of
the one on which 0.964 is set. Read the result as 0.295

A second procedure treats roots as the inverse of powers.
_ 1
Rule: To find {n/b, or b m set hairline over & on a Log Log scale, pull 7
on the C scale under the hairline, read the result on the Log Log scale at the
index.

Examples:

1
(a) Find\/6.3 or (6.3) ©. Set hairline over 6.3 on the Log Log scale, move
slide so 5 of the C scale is under hairline, read 1.445 under left index on the
Log Log scale.

1
(b) Find ~/0.56 or” (0.56) * . Set hairline over 0.56 on the Log Log
scale, move slide so 4 of C scale is under hairline, read 0.865 at right index
of C on the Log Log scale.

The proper scale on which to read the root may be determined by reversing
the methods used eatlier for finding powers. By definition, \/b is a number
which raised to the 7 power produces 2, that is ('Q‘/E) m=Db. Suppose &>1,
and m> 1; then \/b<b and \/b would be to the left of &, if the Log Log
scales were on one continuous line. In example (a) above, N/6.3 or 1.445 is
less than 6.3, and 1.445°=06.3. Although the reading on the LL2+ scale, or
1.0375, is also less than 6.3, it is the 50th root of 5.3, or X/6.3. On the other
hand, the value of {}6—3 is to the right of 6.3 at about 40; observe that
763 or 6.31/2=63¢ is about 40.

Examples:

(a) Find y= f\°7100. Set 4 of the C scale on 100 of the Log Log scale
and move indicator to the C index. Note that the 4th root would be about 3,
the 40th root about 1.12 and the 400th root must be 1.0116.

o 1
(b)Find 17/0.05 or 0.05 -Set 5 on the C scale over 0.05 on the Log Log
scale. At the index of the C scale read 0.9418 two scale sections to the left

(above).
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PROBLEMS ANSWERS

el
1. 65" 345
1
2. 34007 1.114
-
3. 1.606*'-° 1.0223
536
4. 7477 47
421
5. 1.3577%¢ 1.191
7.5
6. 1.0411°* 1.381

SOLVING EXPONENTIAL EQUATIONS :

The method of solving equations of the type b"=N, where b and N are
known and m is unknown, is very similar to the process of finding bm"=N
- when m is known and N unknown. (See Finding Powers, above.)

Rule: Set the index of the C scale (or CF scale) on b. Move the hairline
to N on a Log Log scale. Read m under the hairline on the C scale (or CF
scale, if it was used).

Examples :

(a) Solve 1.37™=8.43. Set the index of the C scale opposite 1.37 of the
Log Log scale. Move the hairline to 8.43 on the Log Log scale. Read 6.77 on
the C scale under the hairline. It should be observed that 8.43 is greater than
1.37 and is to the right of 1.37 on the Log Log scale. Hence the exponent m
must be larger than 1. The exponent 67.7 would obviously be too large, and
it follows that the decimal point must be to the right of the 6 as in 6.77

(b) Solve (0.75)*=0.872. Set the index of the C scale opposite 0.75 of
the Log Log scale. Move the hairline to .872 on the Log Log scale. Read .476
on the C scale under the hairline. Observe that 0.872 is to the left of 0.75, so
the exponent is less than 1. The number .872 is one scale above (to the left)
of .75 so the decimal point must be at the left of the 4.

(c) Solve for y if (0.94)v=237.

Set the left index of the C scale opposite 0.94 on the Log Log scale. Move
the indicator to 2.37 on the Log Log scale. Read 13.9 on the C scale. (The use
of a folded C scale, such as CF, is convenient in this example.) Observe that
in this example 0.94 is less than 1 and 2.37 is greater than 1. Hence the ex-
ponent y must be a negative number. The reciprocal of 0.94 is about 1.064,
and 2.37 is one scale section to the right. Hence y = —13.9.

(d) Solve for o if (5.27)P=0.818.

Set the index of the C scale at 5.27 of the Log Log scale. Move the indicator
to 0.818 on the Log Log scale. Read 1209 on the C scale. Note that 5.27>1
and 0.818<1, so the exponent is a negative number. The reciprocal of 0.818
is about 1.222, and since this is less than 5.27 the numerical value of the ex-
ponent must be less than 1. Hence p = — 0.1209.

It is useful to notice that when powers are being found, the logarithmic
solution may often be directly observed on the C and D scales. As a simple
example, consider finding x = 23. Then log x = 3 log 2. When the left index
of the C scale is set on 2 of the LL3+ scale, the logarithm of 2, or .301, is
visible on the D scale under the index of the C scale. When the hairline is
moved to 3 on the C scale, one may think of this operation as multiplying .301
by 3 by use of the C and D scales. The result is .903, read on the D scale, and
this in turn is the logarithm of 8, read below it on the LL3+ scale.

PROBLEMS ANSWERS
1 4*=375 *=0.953
2. 963*=0.823 r=5.17
3. 5.25%=1.0141 *=0.00844
4. 2.11*=11,000 *=12.46
5. 3.04*=0.85 *=—146
6. 1.475%=0015 *=-10.8
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LOGARITHMS OF COMPLEX NUMBERS

The logarithm of a complex number z=x 4 jy is a complex number. Let
loge (x +7y) = % -+ jv. Then
Xy = vtV = % el = o% (cos v 4 jsinv) = o* cos v+ 7 €* sin .
Equating the real and then the imaginary parts gives two equations
x = e cos v
y = e¥sinv
which may be solved for # and ». By division, tan v = y/x, and hence v =
arctan (y/x). Squaring and adding, x* + 9* = ¢**, and hence # = log,
Vx* -+ »*. Then
loge (x 4 jy) = loge \/x* + 9* + jarctan (y/x) =loge p + 46.
Rule: To find log, (x + jy), first convert x + jy to polar form p/8.
Find log. p and write the results in the form log, p - 7.

For double T scale

EXAMPLE: Find log, (2.6 + j3.4). To convert 2.6 + 3.4 to polar form, set
left C-index over 2.6 on D. Move indicator to 3.4 on D. Read § = 52.6° on
lower T under hairline. Move slide to bring sin 52.6° on S (read left to
right) under hairline, and find p = 4.28 on D. Set indicator on 4.28 of the
LL3 + scale. Read 1.454 on the DF/M scale. Then log, (2.6 + j3.4) =
1.454 + §52.6°, or 1.454 + j0.92, when 6 is in radians. This complex num-
ber may then be expressed in exponential form if desired.
For single T scale

ExAmMPLE: Find log, (2.6 + 73.4). To convert 2.6 + 3.4 to polar form, set
right C— index over 3.4 on D. Move indicator to 2.6 on D. Read § = 52.6°
on T (read right to left) under haitline. Move slide to bring cos 52.6° on §
(read right to left) under hairline, and read 4.28 on D under right index.
Set indicator on 4.28 of the LL3+ scale. Read 1.454 on the DF/M scale.
Then log. (2.6 + 34) = 1454 + 452.6°, or 1.454 + 40.92, when 6§
is in radians. This complex number may then be expressed in exponential
form if desired.
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READINGS BEYOND THE SCALES

Occasionally there is need to compute an expression which involves values
not on the scales. To compute 4™ for 4 less than 1.0023, note that by the bi-
nomial expansion (14-xy) 5 =1+mx+ ..., and if xy is sufficiently small,
these first two terms will give a good approximation.

From the theory of series it is known that log, (1+x) =x—x/2+x* /34
When x is small, say x < 0.0025, we may take log, (1+4+x)=x. Hence for
such values of x the logarithm to base ¢ may be set or read directly on DF/M.
Moreover, for x small, logio(1+x)=0.4343 x, and hence if x is set on
DE/M, logiy (1+4x) will be found on D under the hairline. Thus log,
1.000603 = 0.000603, and log1y 1.000603=0.000262.

Examples:

(a) Find (1.0004)%*". Since 1.0004 cannot be set on the scales, compute
I+ (2.7) (.0004) = 1.00108, approximately.

The result can also be found easily by the following method. Set the lefe
index of the C scale under 4 on DF/M, move the indicator over 27 on C, read
108 on DF/M. That is log, (1.0004)*7"=2.7(0.0004) =0.00108. Hence
(1.004)*"=1.00108.

(b) Find 530-00008 Ajchough 53 can be set, the result cannot be read on the

. - ; 0.00008 ] 0.02
scales. Write the expression in the equivalent form 537002 | — (530.004)0.02

The expression in brackets is found in the usual manner to be 1.016. Then
(1.016)002 = 1 + 0,02 X 0.016 = 1.0003, approximately.

(¢) Find 30° The usual setting leads to a result beyond the LL4+ scale.
Werite the expression 5% X 6°. Now 5° = 3.9 X 107, approximately, and 6% =
1.7 X 10 approximately. Hence 30° = 3.9 X 10° X 1.7 X 10° = 39
X 1.7 X 10" = 6.6 X 10" . Moreover, note 30° = 30¢ X 30¢ = 8.1
X 10% X 8.1 X 10° = 66 X 10" = 6.6 X 10", approximately. Thus, by
breaking up the expressions into factors, and computing each separately,
the approximate results are obtainable. These results are also readily obtained
by logarithms.

Also, it may be noted that if greater accuracy is desired in the logarithms of
any numbers set on the LL4 + scale to the right of 103, these numbers may be
set on the scale above (the LL3+ scale), and the sequence of digits in the
mantissa read from the D scale. The characteristic is given by the primary scale
division at the left of the setting on the LL4+ scale. Thus, to find the logarithm
of 2,430,000, or 2.43 X 10° note that this number could be set onLL4between
10° and 107. Set the haitline over 2.43 on LL3+ and read 385 on the D scale.
Then, log 2,430,000 = 6.385, approximately.

The logarithms of numbers on the LL4— scale between 10-3 and 10 -0 may
also be obrtained in this way. Thus, to find log .000000437, or log 437 X 107

set 4.37 on the LL3 + scale and read 640 on the D scale. Then log
000000437 = 7.640 —10 approximately.
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ILLUSTRATIVE APPLIED PROBLEMS

1. A volume of 1.2 cu. fr. of air at 60° F (or 520° absolute) :}nd atmo-
spheric pressure (14.7 Ibs./sq. in.), is compressed adiabatically to a
pressure of 70 lbs./sq. in. What is the final volume and final temper-
ature?

14.7

1
(a) Compute: V = 1.2<——)ﬁ Ans. 0.394 cu. ft.

(b)

. (a)

70

Set 70 on C opposite 14.7 on D, read .21 on D under the C— index
By means -of the hairline, transfer .21 to the LL3— scale, and pull
the right index under the haisline. Move hairline to 1.4 on CI, read
.328 on LL3— under the hairline. Multiply 1.2 X .328 by the C and
D scales, reading .394 on the D scale.

04
Compute: T=520 ({497) 14 Ans. 812° Absolute o 352° E

Divide 70 by 14.7, and set the result, 4.76, under the hairline on
LL3+. Move right index of the C scale under the hairline, then
move hairline over 0.4 on the C scale, then pull the slide so 1.4 of
the C scale is under the hairline. Read 1.564 on LL3+. Multiply
this by 520, obtaining 812, the final temperature in degrees absolute.
Subtract 460° to obtain 352°F.

Find the compound amount on an investment of $1200 at 315%
compounded annually for 20 years. The formula is 4 = P(1+34)",
or, in this example, A = 1200(1.035)”. Set left index of the C
scale on 1.035 on LL2+. Move hairline over 20 on the C scale, read
1.99 on LL3+. Multiply this by 1200, obtaining $2390, approxi-
mately.

(b) In how many years does money double itself at 4.29% compounded

annually? This problem requires finding # in the expression (1.042) "
=2. Set the «ft index of the C-scale over 1.042 on LI2-+ , move
hairline over 2 on LL3+, read 17 years, approximately, on the C
scale under the hairline.

. The formula y = -—1Tf e is the so-called “logistic of population.”

For the United States, the time 7 is measured in years from 1780. From
studies by the statistician Hotelling, # = 0.0315, 4 = 64.5, £ = 195.9
(millions). Estimate the population for the year 1960 when the value of
¢ will be 180.

Here y=

195.9
1+ 64.5 X ¢—0.0315 X 180

Figst compute —0315X180=—5.65. Set the hairline over 5.65 on
DF/M, read .0035 on LL4—. Multiply this by 64.5, obtaining .225,
approximately. Add 1, and then divide 195.9 by 1.225, obtaining
160 (million) approximately, as the estimated population for 1960.
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PART 5-—PROBLEMS AND ANSWERS

1. 143 X 0.387 2. 29.8 X 4.87
4, 189 X 132. X .0481 5. 79.1 X 3.62 X 5.55
7. 832-+6.41 8. 16.35+8.02
10. 643 X 8.12 11. 11.95 X 9.12
591 3.40 X .0202
13.7_32 14. 281 x
9 x 6.02 8.11
16. 1+343 17. 1/9.07
19. \/834 20. \/.0344
22, (1.81)® 23. (60.7)?
25. 248 26. Y248
28. (1.63)° 29. (3.825)°
31. sin 22.5° 32. 1.57 X sin 3.48°
34. cos 66° 35, tan 19.2°
37. \/183sin262°  38. \/sin 36.1°/37.6
40. sin 13.5° _sin 32.4° 41, sin21.4° _sin 6°
18 % 98.0 x
43. (1.352)° 44, (2.81)%%
46. (.693)%* 47. (:237)°°
49, e** 50. ¢*®
52, 2.2-9%° 53. (1.054)-"
55. e~**° 56. e~ ¢
58. (1.084) 1% 59. (42.2)%%
61. log 1.00291 62. log 1.0448
64. log 99652 65. log .863
67. loge 100291 68. log, 1.06

EXERCISES FOR PRACTICE
(Answers by slide rule on page 66).
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3.
6.
9.
12.

15,

18.
21
24.
27.
30.
33.
36.

39.
42,

45.
48.
51.
54,
57.
60.
63.
66.
69.

0642 X 80.6

0.0427 X 91.4 X 169

40.7+13.3

7.75 X 0414
1.91 X 6.83

132 65

x 18
1/.055
/54800
(5.9)* X 13.
V248
(583)°
96.2 sin 72°
tan 69.7°

¥tan 16.1°

24.7 sin 28.2° ‘
sin 42.7°

(1.031)*

( .9943 ) 324

e.003

( 523) - 3.78

e~ .082

(1.009)3%

log 1414

log .0042

loge 2.5



ANSWERS
1. 553 2. 145.0. 3. 5.17.
5. 1589. 6. 659. 7. 1298.
9. 3.05. 10. 883. 11. 1585.
13. 4.12. 14. 3.79. 15. 47.7.
17. .1102. 18. 18. 19. 2.888.
21. 234. 22, 3.28. 23. 3690.
25. 1.354. 26. 2.920. 27. 6.280
29. 56.0. 30. 198,000. 31. .384.
33. 914. 34. .407. 35. .348.
37. 2.844. 38. .1252. 39. .664
41. 280. 42, 17.2. 43. 3.34.
45. 1.00612. 46. 0416. 47. 9576.
49. 3.31. 50. 1.35. 51. 1.003.
53. .9637. 54, 114 55. 0.0275.
57. 0921. 58. 1.146. 59. 5.26
61. 0.00126. 62. 0.0191. 63. .1505.
65. 9.9361-10. 66. 7.62—10. 67. .0029.
69. 916.
[661

12.
16.
20.
24.
28.
32.
36.
40.
44.
48.
52.

. 120.
. 2.038.

0.0246.
0.0292.
185
453.
4325.
0.0954.
2.70+.
413,
50.8.
158.
063,

. 0.659.
60.
64.
. 0.0584.

1.0216
9.99849—10.

PART 6. HYPERBOLIC FUNCTIONS OF
REAL VARIABLES

Hyperbolic functions are found useful in the application of mathematics
to varied types of problems, and in particular, to problems in electrical en-
gineering. Computations involving these functions are readily performed on
the Model 4 slide rule which has special scales for this purpose.

The most important hyperbolic functions may be defined as follows.
Let x be any real number and e the base of Napierian logarithms. Then:

ez — e—:

5 = sinh x (“'the hyperbolic sine of x™');
e* 4 % " . .

5 = cosh x (“'the hyperbolic cosine of x™*);
T — g%

7 1 o= = tanh x (“the hyperbolic tangent of x”).

EVALUATING THE FUNCTIONS
The Hyperbolic Sine

The scales marked Sh on the slide represent values of x ranging from
x = 0.10 to x = 3.0, approximately The two scales may be viewed as
one continuous scale which has been cut in half with the right hand por-
tion placed below the left portion.

Rule: When the indicator is set over x on an Sh scale, the correspond-
ing value of sinh x is on the C scale under the hairline, and conversely.
If the C and D scales coincide, sinh x may also be read on the D scale.
If x is found on the upper Sh scale, the decimal point is at the left of the
number as read on the C scale. In other words, 0.1 < sinhx = 1. Ifx
is found on the Jower Sh scale, the decimal point is at the right of the first
digit read on the C scale. In other words, 1.0 = sinh x £ 10.0.

EXAMPLES:

(a) Find sinh 0.116. Set hairline over 0.116 on the upper Sh scale. Read
0.1163 on the C scale (or D scale when the indices coincide).

Verify that: sinh 0.274 = 0.277; sinh 0.543 = 0.570; sinh 0.951 = 1.100;
sinh 1.425 = 1.960; sinh 2.84 = 8.53

(b) Find x if sinh x = 0.425. Set hairline of indicator over 0.425 on the
C scale, read 0.413 on the upper Sh scale.

Verify that if sinh x = 6.38, then x = 2.552.

The Hyperbolic Tangent.

The scale marked Th on the slide represents values of x ranging from
x =10t x=30.

Rale: When the indicator is set over x on the Th scale, the correspond-
ing value of tanh x is on the C scale under the hairline. The decimal
point is at the left of the number as read on the C scale. In other words,
the approximate limits are 0.1 = ranh x < 1.0. For values of x greater
than 3, tanh x = 1.000 to a close approximation; the error is less than
one-half of 19 and decreases rapidly.
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EXAMPLES:

(a) Find tanh 0.176. Set the indicator over 0.176 on the Th scale, read
0 174 on the C scale.

Verify that: tanh 0236 = 0.232; tanh 0.528 = 0.484; tanh 1.145= 0.816

(b) Find x if tanh x = 0.372. Set indicator over 0.372 on the C scale.
Read x =0.391 on the Th scale.

The Hyperbolic Cosine.

No special scale for the hyperbolic cosine is needed. From the defini-
tions, tanh x = (sinh x)/(cosh x), and hence cosh x = (sinh x)/tanh x.
This suggests the following rule:

Rule: With C and D indices coinciding, set indicator over x on the Sh
scale. Move slide until x on the Th scale is under the hairline. Read
cosh x on the D scale under the C index.

It will be observed that the first step in this rule sets the value of sinh x
on the D scale. The second step sets the value of tanh x on the C scale in
position for the division. The result of the division is then read on the D
scale. Viewed in another way, sinh x may be multiplied by 1/tanh x.
This reciprocal is automatically set on the CI scale in the second step of
the rule above. For all values of x on the Sh scale, 1 < cosh x < 1000.

ExAMPLES:

(2) Find cosh 0.240. With the € and D scales coinciding, set the hairline
over 0.240 on the upper Sh scale. Move the slide until 0.240 on Th is under
the hairline. Read cosh 0.240 = 1.029 on the D scale at the C index.

(b) Find cosh 1.62. With C and D scales coinciding, set the hairline on

(c) Find y = 77.3 cosh 1.26. In this case, it is best to set cosh 1.26 first.
With C and D scales coinciding, set indicator on 1.26 of Sh. Move slide
so that 1.26 of Th is under the hairline. Move indicator to 77.3 of the C
scale. Read y = 147. on D.

(d) Compute 17.9sinb 0.317 X sin 22°. With Cand D indices coinciding,
set indicator on 0.317 of the upper Sh scale. Turn rule over and move slide
so the right index of the C scale is under hairline. Move indicator to 22°
on the § scale. Pull slide until 179 of the CI scale is under hairline. Read
2161 on D scale under the C index. The decimal point is found by noting
that, approximately, sinh 0.317 = 0.3, sin 22° = .4, and hence sinh 0.317 X
sin 22° is about 0.12 or %. Then 17.9 X % is about 2. Hence the result
is 2.161.

Other Hyperbolic Functions

By definition, the following relations hold:

1/tanh x = coth x (“the hyperbolic cotangent of x”)

1/cosh x = sech x (“the hyperbolic secant of x")

1/sinh x = csch x (“the hyperbolic cosecant of x").
Since the values of these three additional functions are the reciprocals of
functions discussed earlier, coth x and csch x may be read directly on the
CI scale. After cosh x has been set on the D scale, sech x may be read on
the DI scale on the front side of the rule, or if the indices coincide, on the
CI scale of either side.

EXAMPLES:

Verify that coth 0.49 = 2.2, csch 0.49 = 1.96, sech 0.49 = 0.891.
LARGE AND SMALL VALUES OF THE ARGUMENT

For values of x greater than 3, both sinh x and cosh x are approximately
equal to ¢*/2. Hence, if x is set on DF/M, then ¢* may be read on LL4+ and
divided by 2 mentally. As noted above, tanh x in this case is approximately 1.

1.62 on the lower Sh scale. Move the slide until 1.62 on Th is under the
hairline. Read cosh 1.62 = 2.63 on the D scale at the C index.

It follows from the definitions that cosh? x — sinh? x = 1, and hence
sinh x =~/cosh? x — 1. If the value of cosh x is given, and x is to be
found, this formula may be used to convert the problem to the correspond-
ing case for the hyperbolic sine.

EXAMPLE:

Given cosh x = 1.31, find x. Sincesinhx =4/1.312 — 1 =+/1.716 — 1

= \/0.716 = 0.846, when the haitline is set on 0.846 of the C scale, x = 768,
may be read on the upper Sh scale.

COMPUTATIONS INVOLVING HYPERBOLIC FUNCTIONS

Computations involving hyperbolic functions ate easily performed by
usual methods (e.g., use or the C and D scales) by setting the values of
the funcrions on the appropriate scales.

EXAMPLES:

(2) Find y = 24.6 sinh 0.35. Set the left index of the C scale opposite
24.6 on the D scale. Move indicator to 0.35 on the upper Sh scale. Read
y = 8.79 on the D scale under the hairline.

(b) Find y = 86.4 tanh 0.416. Set the right index of C on 86.4 of D.
Move indicator to 0.416 on Th. Read y = 34.0 on D under the hairline.
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For small values of the argument x, the hyperbolic sine is approx-
imately equal to x. Consequently, in computations involving sinh x for
x < 0.10, no special scales are needed. The value of x may be set directly
on a C or D or other appropriate scale and the computation continued.
The same is true of the hyperbolic tangent. Moreover, the hyperbolic
cosine for x < 0.10 is approximately equal to 1.

In evaluating hyperbolic functions of complex arguments, values of the
circular sine and tangent less than 0.57° are sometimes needed. Although
these values can be found by use of the special graduations for this purpose,
it is usually more convenient to read the ST scale as though the decimal
point werte at the left of the numbers printed, and to read the C (or D, CI,
DI, etc.) scale with the decimal point one place to the left of where it
would normally be. Thus, sin 0.2° = 0.00349; tan 0.16° = 0.00279, read
on the C scale.

ExAmpLES:

(a) Find4/'sinh 0.073. Set the indicator over 73 on the D scale of the
front side of the rule. Read 0.27 on the upper square root scale. Then
4/sinh 0.073 = 0.27.

(b) Find log tanh 0.06. Set indicator over .06 on scale LL4~ Read
—1.222 on the D scale.
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PART 7. HYPERBOLIC FUNCTIONS OF
COMPLEX ARGUMENTS

The definitions of the hyperbolic functions may easily be extended to
include cases in which the independent variables, or arguments, are com-
plex numbers. Let z represent any complex number x + jy, where x and y
are real numbers. Then:

z 2e = sinh z,e—j—é—e—= cosh z,g;q-_—::,= tanh z.
By use of the definitions and the formula e’ = cos z + j sin z the follow-
ing relations may be verified:

(1) (e — ¢772)/2j = sin z; (e + ¢772)/2 = cos z

(2) sinh z = — sinh (—2) = —jsin jz

(3) cosh z = cosh (— z) = cos jz

(4) sinh jz = jsin z

(8) cosh jz = cos z

(6) cosh? z — sinh? z = 1

(7) sinh z = sinh (x 4 jy) = sinh x cosh jy + cosh x sinh 7y

- = sinh x cos y 4 j cosh x sin y
(8) cosh z = cosh (x + jy) = cosh x cosh jy + sinh x sinh jy
= cosh x cos y + j sinh x sin y
(9) tanh z = tanh (x + jy) = sinh (x + jy)/cosh (x + jy)
(10) sin z = sin (x + fy) = sin x cosh y + 7 cos x sinh y
cos z = cos (x + jy) = cos x cosh y — j sin’x sinh y

(11) sinh ( — z) = — sinh z
cosh ( — z) = cosh z
canh ( — z) = — tanh z

For particular values of z each of these functions is, in general, a complex
number which may be regarded as a vector expressible in either the com-
ponent form or in exponential form, p /8.

Sometimes the complex number z is given in exponential or polar form
p/8; for example, sinh p/6, or in particular, sinh 2.4@. In this case z
may be expressed in the form x + jy by means of the relations x = p cos ¥,
y = p sin . Thus sinh 2.4/15° = sinh (2.315 + ; 0.622.)

CHANGING SINH Z FROM COMPONENT TO
EXPONENTIAL FORM

By formula (7) above, the complex number or vector
sinh z = sinh x cos y + j cosh xsin y

is expressed in component form. If, for simplicity, # and » are defined by
the formulas
# = sinh x cos y
v = cosh x sin y,
then sinh 2z = # + j».
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A geometric representation of this complex number may be made by
means of a x-axis of real numbers and a v-axis of pure imaginaries. The
polar coordinates (p, 6) have their usual meanings.

v AP —

=
B

p % (Fig 206)
2
S

o

> %

L

Methods of changing to the polar form p/ 8 by use of the slide rule will

now be explained. First, it should be noted that the real number y may be
expressed in either radians or angular degrees. Since the graduations on the
S and T scales are in terms of degrees, this measure is more convenient.
A value of y given in radian measure should therefore first be converted to
angular degrées.
To recall the formula for sinh z readily, notice the following analogies:

For real variables,

sinh (x + y) = sinh x cosh y + cosh x sinh y
is similar in form to

sin (x + y) = sin x cos y + cos x sin y.

For the complex variable,

sinh (x + jy) = sinh x cos y + f cosh x sin y,
there are formal similarities, but the operator j serves to replace the
functions of y by ordinary circular functions. Thus, x is always associated
with hyperbolic functions, while y is associated with circular functions.

The following relations (See Fig.26)are basic to the compurations:

v coshxsiny tany
1) b o= = sinh x cos y ~ tanh x

sinh x cos y
(b) P= "os 0
Observe that the ratio for tan 8 involves a function of y divided by a
function of x, and is thus analogous to tan @ = y/x for circular functions.
Finding p for sinb (x+jy)

Although it is usually better to find @ first, the explanations are long.
The exposition is simplified by first considering a method of finding p
assuming 0 is known. If § has been found first the value of p may be com-
puted by the following rule, based on formula I (b).

Rule for p: With C and D indices coinciding

first, set the hairline over x on an Sh scale, and turn the rule over;

second, move the slide until § on the S scale (read from right to left
for the cosine) is under the hairline;

third, move the hairline to y on the S scale (read from right ro left);
read p on the D scale under the hairline.

[71]



Note that the first step sets sinh x on the C scale, the second step divides
this by cos 6, and the third step-multiplies by cos y. All the operations are
actually done on the C and D scales, but only the final result needs to be
read on D. The values of sinh x, cos 7, and cos 6 are automatically set.

EXAMPLES:

(a) Find p for sinh (0.48 + ; 17°), given that § = 34.4°. With C and D
indices together, set hairline over x = 0.48 on Sh. Move slide until 34.4
on § (reading from right to left) is under hairline. Move indicator to 17
on S (reading from right to left). Read p = 0.578 on D under hairline.

(b) Find p for sinh (1.4 4 ; 40°), given that 6 = 43.4°. With indices
together, set indicator over 1.4 on Sh. Move slide until 43.4 on S (reading
right to left) is under hairline. Move indicator to 40 on S (right to left).
Read p = 2.05 on D under haitline.

(c) Find p for sinh (0.73 4 72.2°), given # = 3.53°. With C and D indices
together, set hairline over x = 0.73 on Sh. The settings for cos 3.53 and
€os 2.2 are so near the right end of the slide that practically no change from
the original setting is observable. In other words, for y = 2.2°, the value
of v = cosh x sin y is near zero. The value of cos y is near 1, and p is ap-
proximately equal to # = sinh 0.73. Hence p = 0.797.

Finding 0

The ratio of the “pure imaginary” component to the real component
determines the tangent of §, and hence 6, as shown in formula I (a). The
general rule is as follows.

Rule for 0: To find 6 for sinh (x + 7y) in the form p/6:
first, with C and D indices together, set hairline over y on a T scale;
second, move slide until x on Th is under hairline;
third, move indicator to C index;

fourth, move slide until C and D indices are together. Read 6 on
a T scale under the hairline.

The determination of the T scale on which § is to be read depends upon
the decimal point in the value of tan §. This value may be noted on the
D scale at the C index. However, to determine the decimal point, it is
well to make a mental note of the approximate values of tan y and tanh x
as they are set. By taking only the first digit, 2 mental computation easily
gives the decimal point in the value of tan 4.

The following cases may arise.

Rute:
(i) If 0.01 < tan 0 < 0.1, then 0.573° < 0 < 5.71° on ST

(ii) If 0.1 < tan § = 1.0, then 5.71° < § < 45° on upper T

(iii) If 1.0 < tan @ = 10.0, then 45° < 0 < 84.3° on lower T

The following cases may also occasionally occur:

(iv) If 10.0 < tan 0, then 84.3° < § < 90°. Since tan ¢ = cot §,
where ¢ = 90 — 6, the angle ¢ may be read on the ST scale
and then § = 90 —

@
(v)If 0 = tan 0 = 0.01, then 0 s § < 0.573°. Read angle on ST,
and divide by 10; that is, move decimal point one place to left
of ST reading.
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Step one sets the value of tan y on the D scale. Step two automatically
sets the value of tanh x on the C scale for the division. The quotient is
on the D scale at the C index. Since this is the value of tan 8, when the
indices are brought together in step four the value of § on a T scale is under
the hairline. If desired, the following can be substituted for steps three
and four above.

Third, read D scale at C index and move indicator over this value on C.

Fourth, read 6 on a T scale under the hairline.

Although these last two rules may appear easier to use than the others, it
should be remembered that to start finding p by the rule given earlier the
indices must be together. Thus, the rule as originally given ends with the
slide in position to begin finding p. Other methods are given later.

Since tanh x < 1, it follows from the relation tan § = tan y/tanh x that
6 > y for all values of y < 90°. Moreover, since tanh x—> 1 as x becomes
larger, the difference § — y becomes smaller as x increases. These observa-
tions are sometimes useful as a rough check on 6. Thus, for sinh (1 + 775°)
the value of 8 is 78.45° (Note 78.45>75); for sinh (2 + 775°), 6 = 75.5°;
for sinh (1 + 781°), = 83.15°, and for sinh §2 + 781°), 6 = 81.34°.

Each of the following examples should be followed through several
times to gain familiarity with the method and to observe how quickly the
calculation can be completed when the details of the explanation are
omitted.

EXAMPLES:

(a) Find 6 for sinh (0.48 4+ 7 17°). In this case, tan § = tan 17°/ tanh 0.48.
Set the slide so that C and D scales coincide. Move indicator to 17 on T.
Note on the D scale that tan 17 is about 0.3. Turn rule over and move slide
until x = 0.48 on Th is under hairline. Note on the C scale that tanh 0.48
is about 0.4, and hence tan 8 is roughly 0.3/0.4 = % = '75. Actually, it is
0.685, read on the D scale at the C index. This is case (ii). Move the
indicator to the C index, bring the C and D indices together, and read
6 = 34.4 on the T scale under the hairline. The value of p = 0.578 was
found in Example (a) page72. Hence p /8 = 0.578 /34.4°,

(b) Find 6 for sinh (0.75 + 7 2.2°). Here tan § = tan 2.2/tanh 0.73.
With C and D scales coinciding, set hairline over 2.2° on ST. Observe that
tan 2.2° = 0.04, approximately. Turn rule over, and move slide so 0.73 on
Th is under hairline. Note tanh 0.73 = 0.6 + on the C scale. Hence tan §
= 0.04/0.6 roughly, or 0.0616, which can be read on the D scale at C
index. This is case (i). Move indicator to C-index, and bring indices to-
gether. Read @ = 3.53° on ST. The value of p was found in Example (c)
page72. Hence p /0 = 0.797 /3.53°.

(c) Find p /0 for sinh (0.55 + 7 1.5°). Make C and D indices coincide,
move hairline to 1.5° on ST. Note tan 1.5° is roughly 0.025 (on C or D).
Move slide so 0.55 on Th is under hairline. Note tanh (0.55) is 0.5 on C.
Hence tan 6 = 0.025/0.5, or tan 6 is about 0.05 (on D at C index). This is
case (i). Move indicator to C index, bring indices together, and read
6 = 3° on ST under hairline. In this case, p is approximately equal to
sinh 0.55, or p = 0.58. Hence p /6 = 0.58 /3°.

(d) Find p /8 for sinh (0.19 + 7 4.2°). With C and D scales rogether, set
hairline on 4.2° of ST. Move slide so that 0.19 on Th is under hairline.
Observe that, roughly, tan 8 = 0.07/0.19 or about 0.4. This is case (ii).
Move indicator to C index, and bring indices of C and D to coincidence.
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/ Read 8 = 21.36° on T under hairline. Set hairline over 0.19 on Sh. Move
slide until 21.36°0n S (read right to left) is under hairline. Move indicator
to 4.2° near right index of S. Read p = 0.201 on D under hairline. Hence
sinh (0.19 + 74.2°)= 0204 /21.36°,

(e) Find p /@ for sinh (0424 + 4 38°). With C and D indices together

set hairline over 38° on T. Note tan 38° is about 0.8. Move slide uatil 0.424
on Th is under hairline. Note on C that tanh 0.424 is about 0.4. Then tan 6
= 1.95 (on D at C index). This is case (iii). Move indicator to index, bring
indices together, and read § =62.88° on lower T. To find p, with C and D in-
dices coinciding, set indicator over 0.424 on Sh, move slide to bring cos 62.88°
under hairline, move indicator to cos 38° on S. Read p=0.756 on D. Hence
p/8=0.756 /62.88°.
. (.f) Find 6 for sinh (0.31 + ;58°). With C and D scales together, set
indicator to 58° on T. Move slide until 0.31 of Th. is under hairline. Note
on D that tan § = 5.34. Move indicator to right C-index, then move slide so
C and D indices coincide, and read § = 79.37° on T. With C and D indices
together, set hairline on 0.31 of Sh, pull slide until 79.37 on S (read right to
left) is under hairline, move indicator to 58° on S (read right to left), read
p = 0.905 on D. Hence, sinh (0.31 + /58°) = 0.905 /79.37°

_ (.g) Find 6 for sinh (0.31 + 775°). With C and D scales together, set
mc'ilcator t0 75° on T. Move slide so 0.31 of Th. is under hairline, then move
hairline on left C-index.

Note that tan § = 12.4 on D. This is case (iv). Since cot 8 is on the C scale
above the D index, read ¢ = 4.6° on ST. Hence § = 90° — 4.6° = 85.4°.
To ﬁnd p, with indices together set x = 0.31 on Sh, move slide until 4.6 on
ST is under hairline, then move indicator t0 75° on S (read right to left).
Read p = 1.014 on D. Hence, p/0 — 1.014 /854°.

(h) Find 6 for sinh (1.4 + 480°). With C and D scales together, set in-
dicator to 80° on T. Move slide until 1.4 of Th is under hairline. Note on D
that tan §=6.4. Move indicator to right C index, then move slide so C and
D indices coincide, and read § =81.1%n T. With indices together, set hairline
on sinh 1.4. Move slide until cos 81.1° is under hairline. Move hairline over
cos 80°. Read p=2.14. Hence p/§=2.14 /81.1°.
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ALTERNATIVE METHODS FOR SINH Z

The alternative methods of treating sinh z described below have certain
advantages and also certain disadvantages. If the methods outlined above
are ‘used, the following will serve as checks.

(i) The formulas # = sinh x cos y; v = cosh x sin y may be used to
compute # and ». Then sinh z = # + jv may be converred to exponential
form by ordinary vector methods. In this case, three major steps are
required.

EXAMPLE:

For sinh (048 + j17°),% = 0477,v = 0327, » + v = 0477 + ; 0.327.
Using the method described in example (a), page72, 6 = 34.4°, p = 0.578.

(ii) The formulaI (a), page 71 , tan § = tari y/tanh x, suggests that § may

be obtained from the complex number. ‘ .
(12) /6 = tanh x + j tan y, although in general r is not equal to

p (See Fig.27)

v “
A b
/7 |
i
a
| sl
«| Fig. 27.
x
1T |
0 | gl |S
\ fa ' o

0 sinh xcosy |
tanh x :
sinh x

Moreover, the relation
(13) p =+/sinh? x 4 sin?y
suggests that p may be obrained from the complex number
(14) p/8s = sinh x + 7 sin y, where tan 6,= sin y/sinh x. It follows
T cosh x
from I (a), page 71, that tan 6 = cos 5
Since, for all values of x A 0 and of y & 0, (cosh x) > 1 and (cps y) <1,
the ratio (tan 6/tan 6,) > 1 and consequently 6 > 6,. From Fig.27,
sinh x cosy  tanh x
(15) cos 8 = p -
and therefore p = r cosh x cos y. These results lead to the following

methods. '
The value of p may be obtained from formula (14) by ordinary vector

methods and then ¢ found by use of (15).

tan 0

3.
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ExAMPLE:

Let sinh (0.48 +717°) = p /6. Then
p /ba = sinh 0.48 + j sin 17°
= 0.4986 4 7 0.292
. = 0.578 /30.4° (Note: 6, = 30.4 < 6).

This calculation is most readily carried out if the slide rule is equipped with
two indicators. With C and D indices together, set one indicator on 0.48
on Sh, the other on 17° of S. Move C index to the larger reading on C, read
0. = 30.4° on T under the hairline. Then move slide until 30.4° on S is

under this hairline. Read p on D at C index. Using formula (1 i i
known, find § = 34.4°, B fommik 53, Hessip s

(iii) The angle 6 may be found by ordinary vector methods from

formula (12), and then 4 found by I (b), page 71, or (15) as explained
earlier.

ExAmPLE:

For sinh (0.48 + 7 17°), #/6 = tanh 0.48 + ; tan 17°. With indices to-
gether, set right indicator on 0.48 of Th, and left on 17° of T. Move C index
to larger reading, and read 6 = 34.4 under other hairline. Find p by regular
methods.

(iv) The value of p may be obtained from (13) and then 6 found by
use of (12) or (15).
~ In using any method, it is wise to give some attention to the approx-
imate values being set on the scales, and to the operations being performed
as suggested by the formulas. In the long run, it is probably best to adopt
one method and use it almost exclusively, rather than to invite confusion
and error by attempting a variety of methods.

CHANGING COSH Z FROM COMPONENT TO
EXPONENTIAL FORM
By formula (8) page 70, the complex number or vector

v 8 cosh z = cosh x cos y + j sinh x siny.
- Th.e geometric represen-
& tation is similar to that
. ' for sinh z. The follow-
p - Fig. 28 ing relations are basic
g to the computations:
I
6 N
> o

0Lu=coshx cos )

v sinh x sin y

II (a) tan0=;=m=tanh'xmny

sinh x sin y

(b) P="5ine
Note that I (b) for sinh 2z expresses p in terms of sinh x and the cosines of y
and 8, while II (b) for cosh z expresses p in terms of sinh x and the sines
of y and 6. Norte also that tan 6 above could be written tan y/coth x, but
that this form is less convenient for computation. It should be noticed
that, since (tanh x) < 1, it follows that 6 < y for the hyperbolic cosine.
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Finding p for Cosh (x + jy)-
Assume 0 has been found. The rule for p is the same as given_earlier
(page .71) for sinh z except the S scale is read from lef? 1o right for sines.

ExXAMPLES:

(a) Find p for cosh (0.31 + 7 58°) if 6 = 25.7°. WiFh C and D.indices
together, set hairline on x = 0.31 of Sh. Move slide until 25.7° on S is under
haitline, then move indicator to 58° on S. Read p = 0.616 on D under
hairline. -

(b) Find p for cosh (1.4 + ;7 80°) if 6 = 78.7°. Set sinh 1.4 on D at 1.904.
Move slide so 78.7° on S is under hairline, then indicator to 80° on S
Read p = 1.91 on D. Notice that y and 0 are so nearly equal that the ratio
of their sines is near 1, and hence p is approximately equal to sinh 1.4

Finding 0 for Cosh (x + jy)

Formula (Ila) shows that tan 6 can be found by a simple multiplication
using the Th and T or ST scales with'the D scale. The rules for determin-
ing on which scale (T or ST) the angle § may be found are the same as
those given earlier (page 72). However, since tanh x < 1and, fory < 15°,
tan y < 1, it follows that tan 8 < 1, and cases (iii) and (iv) cannot arise
for y < 45°.

Rule for 6

With C and D indices together, set indicator on x of Th. Move

slide until an index of C (right or left as needed) is under hairline.

Move indicator to y on T (or ST). Bring indices together, and read
fon T or ST.

EXAMPLES:
(2) Find p and 8 for cosh (0.23 + j 16°). Here tan § = tanh (0.23) X

(tan 16°). With C and D indices together, set indicator over 0.23 on Th. Move
slide o left C index is under hairline. Move indicator to 16° on T. Since tan
§ = (0.2) (0.3) = 0.06, roughly, or, more accurately, 0.0648, this is case
(i),and § = 3.71° + is read on ST after the scales have been made to coin-
cide. Now set indicator on 0.23 of Sh (about 0.23 on D), move slide until
3.71° on ST is under hairline (about 0.064 on C), change indices and move
indicator to 16 on S (about 0.276 on C). Read p = 0.99 on D. The decimal
point is determined by mentally calculating 0.23/0.06, which'is about 4; ther
4 3% 0.276 is about 1. Hence the result cannot be either 0.099 or 9.9, and mus
be 0.99. Thus, cosh '= (0.23 4+ j 16° = 0.99 /3.71°.
(b) Find p and 8 for cosh (0.68 + ; 40°). With C and D indices rogether,

set x = 0.68 on Th. Note (roughly) 0.6 on D. Turn rule over and move
right C index under hairline. Move indicator to 40° on T. Note 0.8 + on C,

and the product (0.6) (0.8) = 0.496 on D. This is Case (ii). Bring indices
together and read 6 = 26.4° on T. Set indicator over 0.68 on Sh. Move
slide until 26.4 on § is under hairline. (Note quotient sinh 0.68/sin 26.4°

is about 1.65). Multiply by sin 40°; reading 1.06 on D. Hence

p/0 =1.06 /264°

(¢) Find p and @ for cosh (0.285 + ; 4.2°). With C and D indices to-

gether, set x = 0.285 on Th. Set right C index under hairline, then move
indicator to 4.2° on ST. Note .3 X .07 = .021, and hence this is case (i)
With scales coinciding, read @ = 1.165° on ST. Calculate p = 1.046
Hence p/ 8 = 1.046 /1.165°,
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(d) Find p /0 for cosh (0.2 + ; 1.3°). Note tan 0.2 is about 0.2; tan 1.3°
is about 0.02. Hence tan @ is about 0.004, on scale D. This is case (v).
When indices are together, read § = 0.257° on ST with decimal point moved
one place to the left. In this case, p = 1.02 approximately.

(e) Find p/8 for cosh (0.31 4 758°). With C and D indices together,
set hairline on x = 0.31 on Th. Note tanh x = 0.3. Move slide until left
C-index is under haitline. Move hairline over 58° on T. Note tan 58 =
1.6 on C, and tan 6§ = 0.48 on D. This is case (ii). Bring scales to coin-
cide and read § = 25.7° on T. Since p = 0.616 for this problem was
found in Example (a), page 77, p/0 = 0.616,/25.7°. Notice 6< y as a
vety rough check.

(f) Find p/6 for cosh (1.4 + 780). Set tanh 1.4 on D. Notice the value
is about 0.9. To multiply by tan 80°, move slide so right index of C is
over tanh 1.4 on D, then move indicator over 80° on T. Notice tan 80°
is near 6 on C. Hence tan § = 5.02 on D. This is case (iii). Move C and
D index together and read 8 = 78.7° on T. Note § < J- Since p = 1.91
was found in Example (b), page 77, p/8 = 1.91 /78.7°.

(g) Find p /8 for cosh (2 4 787°). In this case, y > 84.3°. Hence
tan 87° = cot (90-87) = cot 3°, or 19.1 read on CI opposite 3°0on ST. Thus
set tanh 2 on D, move slide so 3° on ST is over tanh 2 on D. Note at
C-index that tan 6 = 18.4, and this is case (iv). Read ¢ = 3.12° on ST
at the D index, and thus 6 = 90—3.12 = 86.88°, which is, as it should
be, less shan y = 87°. To find p, set sinh 2 = 3.63 on D. Since 8 and ¥
are approximately equal, it follows that p = 3.63 approximately. Hence
p/6 = 3.63 /86.9°.

ALTERNATIVE METHODS FOR COSH Z

Other methods of computing p and 8 for cosh (x + fy) = « + jv are
briefly outlined below:
(i) Compute numerical values of # = cosh x cos y and » = sinh x sin .

Convert the complex number # + jv to exponential form by ordinary
vector methods.

(ii) The formula (Ila) written in the form
(16) tan @ = tanh x/cot y = tan y/coth x
suggests that § may be obtained from either of the complex numbers
(17) r. /0 = cot y + jtanh x, or iy /@ = coth x + jtan y, Although
in general 7, 3¢ n = p. Moreover, the relation
(18) p =+/sinh? x + cos? y,
which may be verified by computing p =+/4? + +* and using formula
(6), suggests that p may be found from the complex number
(19) p /8. = sinh.x + j cos y.
The 6, in this formula satisfies the relation
in y
cosh x

tan § = cot 8, and p = r, cosh x sin 5.
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By these and other possible formulas the problem may be reduced to one
which may be solved by ordinary vector methods as described earlier.

EXAMPLE:

Let cosh (0.31 + j58°):P/_9_‘; then # — cosh 0.31 cos 58 = 0.556; v
=sinh 0.31 sin 58° = 0.267. Hence # + jv = 0.616 + j25.7°, by methods
described in example (e), page 78. If 7,/6 = cot 58° + j tan h 0.31, with
the indices together set cot 58° on D by placing indicator over 32° on T.
Move right C index to hairline then move indicator to tan h 0.31 = 0.3 on
C. Move hairline over 0.3 on D and read 25.7° on T. Move slide so sin 25.7°
on S is under hairline, read r, = 0.693 on D at C index. If /9, = sinh 0.31 ‘
=+ jcos 58°; set right index on C on cos 58° = 0.53. Move indicator to sin h
0.31 = 0.315 on C. Move hairline over 0.315 on D and read 6, = 30.7° on
T. Move slide so sin 30.7° on S is under hairline, read p = 0.616 on D at
C index.

CHANGING TANH Z FROM COMPONENT TO
EXPONENTIAL FORM

Although tanh (x + jy) can be expressed in the form of # + jv, the formulas
for # and v are not convenient for slide rule work. However, tanh 2 = sinh
z/cosh z is expressible as a quotient. If the complex numbers sinh z and cosh z
are expressed in the exponential form.

sinh z = p; /01, and cosh z = p»/6., then
tanh z = (p1/p_r) /_6L_ 9;_)
Rule for Tanb z.

Express sinh z in the form p,/6,.
Express cosh z in the form p,/6,.

Then tanh z = (p,/p) /0‘ — 8,

EXAMPLES:
(a) Find p /6 for tanh (031 + ; 58°).
From Example (f), page74, sinh (0.31 + 7 58°) = 0.905 /79.37°
From Example (e), page 78, cosh (0.31 + j58°) = 0.616 /25.7°

O- O o] e}
Hence tanh (0.31 + j 58°) = 6—69-1——65—/79.37 —25.7

= 1.47 /53.67°
(b) Find p/4 for tanh (1.4 + j 80°).
From Example (h), page74, sinh (1.4 + j80°) = 2.14 /81.1°
From Example (f), page78, cosh (1.4 + j80°) = 1.91 /78.7°
2.14

Hence tanh (1.4 + 7 80°) = To1 /81.1° — 78.7°
= 119 j1.4°
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ILLUSTRATIVE APPLIED PROBLEMS

1. Determine the “insertion loss™ caused by inserting a line between a
generator and a load using the formula
I Z,Z +7%
L= cosh v/ + Z 17 Zs sinh v/,
when Z, = 215 ohms, Z, = 420 ohms, / = 150 miles, Z, = 720 / —15°,
a = 0.00720 neper/mile, B = 0.0280 radian/mile, and v/ = / (o + 78).
First find
v/ = 150 (0.00720 + ;0.0280) = 1.08 + 7 4.20 = 1.08 + ; 240.5°

Since cosh v/ is to be added to another complex expression, express it in
component form.
cosh (1.08 + ; 240.5°) = cosh 1.08 cos 240.5° + j sinh 1.08 sin 240.5°
= — cosh 1.08 cos 60.5° — j sinh 1.08 sin 60.5°
With indices together, set indicator on 1.08 of Sh. Move slide until 1.08
on Th is under hairline. Exchange indices, and move hairline over 60.5°
on S (reading right to left). Find 0.809 on D. Then setsinh 1.08 = 1.30 +
on the Dscale and multiply by sin 60.5° using the S scale. Read 1.13 on D.
Hence cosh (1.08 + j 240.5°) = —0.809 — ; 1.13.

As an illustration of another method of finding cosh (1.08 4 7240.5°),
take y = 240.5° — 180° = 60.5°, set indices together and indicator over
1.08 on Th. Move slide until right index is under hairline. Move indicator
t0 60.5° on T. Observe that tan § = 1.4, bring indices together and read
54.5° on T under hairline. With indices together again set hairline on 1.08
of Sh. move slide until 54.5° on S is under hairline, then move hairline to
60.5° on S. Read p = 1.393 on D under hairline. Hence

cosh (1.08 + ; 240.5°) = 1.393 /180° 4 54.5° = 1.393 /234.5°
0.809 —; 1.13 +.

Il

Next compute the coefficient of sinh -y/.

Z,Z, + Z¢ 215 X 420 + (720 / —15°)?
Zy (Z, + Z,, (215 1 420) 720 / —15° °

90,300 + 518,000 /—30°
- 457,000 / —15° ?

90,300 + 449,000 — 7 259,000
- 457,000 / — 15°

539,000 — 7 259,000
T 457,000 / — 15°

598,000 /—25.65°
= T457,000 / —15°

1.308 / — 10.65°
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The coefficient just computed is to be multiplied by sinh ¥/, and hence
it is best to express the latter in polar form. Except for algebraic signs, sinh
(1.08 + 7240.5°) = sinh (1.08) + 460.5°). With indices coinciding, set hair-
line on 60.5 of T. Pull 1.08 of Th under hairline and move indicator to right
index of C. Bring indices together. Read 65.8° on T under hairline. Set hairline
over 1.08 of Sh. Move slide until 65.8° on S (reading right to left) is under
hairline, then move indicator to 60.5° on S. Read p = 1.565 on D. Since the
original angle of 240.5° was in the third quadrant, the angle found must be
corrected by adding 180° Then sinh (1.08 + 7240.5°) = 1.565 /245.8°.

Multiplying the two factors gives
1.308 / — 10.65° X 1.565 /245.8° = 2.05 /235.2°

In order to add this to the first term in the formula, the polar form should
be replaced by the component form.

Compute 235.2° — 180° = 55.2°, and then 2.05 cos 55.2 = 1.17 and
2.05 sin 55.2° = 1.68. Both results must be given a negative sign since
235.2° is in the third quadrant. Thus

L/L = — 0809 — ;113 + ( — 1.17 — ; 1.68)
= —1.979 — ;281

This may be converted to polar form, noting that the angle is in the third
quadrant. Thus

I,/I, = 3.43 /180° 4 54.8
= 343 /23—4'8(3)

approximately, and the absolute value is 3.43. Finally, compute log, 3.43
by setting 3.43 on scale LL3+and reading on DF the value 1.233, the
“insertion loss” in nepers.

Although not a part of this problem, tanh (1.08 + ; 240.5°) is easily
obtalnable from the above results and will be found to illustrate the
method. Thus

sinh (1.08 47 240.5°)  1.565 /245.8°
cosh (1.08 + ;7 240.5°) = 1.393 /234.5°

= 1.122 /11.3°

It will prove to be interesting, and good practice in computation with
the hyperbolic scales, to carry through the calculations for / = 100 miles
and / = 200 miles, and to compare the results with those for / = 150 miles
given above. Below are some results typical of those obtainable quickly
without careful attention to accuracy.

If / = 100 mi., then v/ = 0.72 + ; 2.8 = 0.72 + ; 160°
cosh (0.72 + 7 160°) = — 1.193 + ; 0.268, and
sinh (0.72 + ;7 160°) = 0.855 /180° — 30.5° = 0.855 /149.5°
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The coefficient 1.308 / — 10.65° is unchanged, and

1.308 / — 10.6° X 0.855 /149.5° = 1.118 /138.9°,
and this is equal to — 0.843 + 7 0.734. Hence

I/l = 1.193 + 7 0.268 + ( — 0.843 + ;0.734)

= —2.036 + 7 1.002 = 2.27 /180° — 26.2°

Then log, 2.27 = 0.818 nepers loss.

If / = 200 miles, v/ = 1.44 + j 320° = 1.44 — ; 40°;

cosh (144 —740°) = 1.71 —; 1.28;

sinh (1.44 — 740°) = 2.09 / — 43.2°.
Then 1.308 / — 10.6° X 2.09/ —43.2° = 2.735 / — 53.8° = 1.61 — ;2.21.
Hence Ii/I; = 3.32 — 7349 = 4.82/ —46.4° and log, 4.82 = 1.57 nepers
loss.

2. Determine the voltage V,, = Ec;h_v—SLJ;—;’ at the end of an open

circuit line in which the sending end voltage V, = 4 volts, the length of
the line S = 50 miles, and \/zy = « + B8, where o = 0.0048 neper/mile
and B = 0.0276 radian/mile. Thus

_ 4/0°

" cosh (0.24 4/ 1.38)

Vro

First change 1.38 radians to degrees. Thus set 7 on CF opposite 180 on DF,
move hairline to 1.38 on CF, and read 79° on DF under the hairline. To find
cosh (0.24 + 779°), first set indices together, and then set hairline over 0.24
on Th. Move slide to bring right index under hairline, then move indicator over
79° on T. Bring indices together and note tan § = 1.21 + on D, read § =
50.5° on T.

With C and D indices together, set hairline on 0.24 of Sh. Move slide
until 50.5° on S is under hairline, then set hairline on 79° of S. Read
p = 0.308 on D. Then

4 /0°

V,, = 3308 7505° = 13 / — 50.5° volts, approximately.
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PART 8. INVERSE HYPERBOLIC FUNCTIONS OF
COMPLEX ARGUMENTS

If p and 6 are known, and z = x + jy is to be determined so that sinh z
= p/b, an inverse problem is involved. Similar problems arise involving
cosh z and tanh 2.

Finding z for sinh z = p/$.

To find z = x + jy when sinh z = p /6, or z = arcsinh p /8, first
write sinh z = p cos 0 + jp sin 6 = # + jv where # = p cos 6 and
v = p sin 6 are known numbers. Since

sinh (x + jy) = sinh x cos y +  cosh x sin y, equating the real and the
imaginary components in the two expressions for sinh 2, one has the
equations
(20) sinh x cos y = #
cosh x sin y = o,
from which x and y are to be found. Now by use of equation (6),
* = (1 + sinh® x) sin® y, and from (20),sinh? x = #2/cos? y.
On eliminating x and replacing cos? y by 1 - sin? y, the equation

siny — (w2 + 92+ 1)sin?y + 42 =0
is obtained. This is a quadratic in sin? y, and hence
sin?y = {(u2 + 2+ 1) £/ (22 + o + 1)% — 41/2}/2,

in which the positive sign must be discarded. Then\/2sin y = Vp -4,
where p = 242 + 9% + 1 and ¢ = p? — 44%. In algebra it is shown that
an irrational expression of this form can be written in the simpler form
VU £V provided p? — g4 is a perfect square. Since in this case
p?* — q = 44 the condition is fulfilled. Thus U, and V are to be found

such that-
Vi EVi=VT £ VT
Squaring, and equating first the rational and then irrational parts, on
solving the two equations thus obtained one has
U= {w*+ (v + 1)%}/2
Vi= {a+ (v — 1)2}/2.

Hence it follows that

U, s
111 (a) sin y = 5> where

U=49u+ @+ 1)2and V, =4 + (v — 1)?,
from which y can be found in terms of # and ». The negative sign is
chosen because otherwise the value of sin y would: exceed 1. From
equations (20)
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I (b) sinh x = #/cos y,
from which x may be found.

It is convenient to regard U, as the resultant of a vector whose compo-
nents are # and v 4 1; and similarly, to regard V, as the resultant of a
vector whose components are # and » — 1.

Then for convenience writing

U/bo=u+jv+1)and V, /=5 +j( 1),

one may compute U, and V,. by the methods described on page 83 .
In order that the meaning of the process may be clarified the example
which follows is the inverse of one solved earlier-

EXAMPLE.

Find z = x + jy so that sinh z = 0.201 /21.36°
First find # = 0.201 cos 21.36 = 0.187, and
v = 0.201 sin 21.36 = 0.0734.
Then U, /% = 0.187 + ;1.074 = 1.09 /81°+ or U, = 1.09;
V. /0 = 0.187 + ;0.9266 = 0.945 /78.6° - or I, = 0.945

. 1.09 — 0.945
Therefore sin y = —5 = 0725, and hence y = 4.15°, which is

found by setting .0725 on D and reading y on ST. To find x, find sinhx

= 0.187/cos4.15° = 0.187/0.997 = 0.188 or approximately 0.19. Hence
x = 0.19 and y = 4.2 are the approximate values of x and y Compare
with Example (d), page 73.

Finding z for cosh z = p/8.

To find z = x + jy = arccosh p /0, where p and 8 are known, first
find u = pcos and » = p sin 6. Since
cosh z = cosh x cos y + j sinh x sin y,

the equations

cosh x cos y = «

sinh x sin y = v
are to be solved for x and y. In this case it turns out to be more conven-
ient to solve for cos y by the method described for sin y above. The
results are as follows:

IV () cos y = p—c—;‘—f, where
U=V +1)?+and V. =/« — 1)? + ¢
(b) sinh x = v/sin y

Thus cosh z may be treated by methods essentially similar to those for
sinh z outlined above.

EXAMPLE:

If cosh z = 1.06 /26.4°, find z = x + jy.
First compute # = 1.06 cos 26.4° = 0.949 and
v = 1.06 sin 26.4° = 0.472. Then

U. =v1.949% + 0.472° or 2.01
V. =v/0.051% + 0.472% or 0.475
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Using formula IV (a)

cosy = gm;—m = 0.767 and hence y = 40°.

Using formula IV (b)

sinh x = 0.472/sin 40° = 0.735.
With the indicator on this value on C, turn the rule over, bring indices
together, and read x = 0.68 on Sh. Hence z = 0.68 + j 40°. Compare
with Example (b), page 77.

Finding z for tanb z = p/0.

If p and 6 are known and z = x + jy = arc tanh p /8 is to be found,
first find # = p cos § and » = p sin 6. Then tanh (x 4 fy) = # + jv.
It can readily be shown by use of the relation
tanh z; + tanh z,

1 + tanh z; tanh 2,

(21) tanh (z1 + z2) =

that tanh (x — jy) = # — jv, and hence
x + jy = arctanh (# + jv)
22) x — jy = arctanh (# — j»).
Adding,

2x = arctanh (# + j») +.arctanh (2 — jv);
and by using equation (21)

o, Bt jpptu—j
tanth~1+(u+].v) (u_].y),or
2u 2u
V (a) tanh2x=l+u2+1/2=1+p2

Subtracting the equations (22),
2 jy = arctanh (# + jv) — arctanh (# + j»), and hence

u+ o — (u—fv) 2fv

tanh Zjy = 1 — (# +j9) (v — jov) T1 @+ D
Finally, tanh 2y = j tan 2y, and consequently
2v
V(b) tan 2}' = 1—:‘;‘2

Therefore x and y may be found from formulas V(a) and V(b), respectively.
Expressed explicitly, they are
x = Vg arctanh 22/(1 + p?); y = 14 arctan 20/(1 — p?).

The values of z for coth z = p/0, sech z = p /0, and csch z = p /0
may be found, if desired, by using the reciprocal relationships; that is,
by finding z for tanh z= (1/p)/ — 8, cosh z= (1/p)/ — 8, and
sinh z = (1/p) / — 8.
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ILLUSTRATIVE APPLIED PROBLEM

Suppose the propagation constant ¥ = « + ;B of a line is to be found
by the formula

tanh v/ = ;—:,

where Z,, = 3520 / —86.3° ohms, and Z,, = 1430 72.7° ohms, and
! = 30 miles. Then

3520 / — 863
tanh 30y = /5577270

=1.568 / —79.5° = p /6.

To calculate this, set 143 of C opposite 352 on D and read 1.568 on the
upper +/ scale at the C index. Then calculate (—86.3 —72.7) /2 = —79.5.
Move the left C index to 1.568 on D, move indicator to 79.5 on S (read
right to left), and find u = 0.286. Move right C- index to 1.568 on D,
indicator.to 79.5° on S, and read 1.54, on D. Thus, since 8 is in the fourth

quadrant,y = -1.54 and tanh 30y = 0.286 — j1.542= » + jv
2 (0.286 . .
( ) _ 0572 _ 0572 _ 0.1653

1+ 1568 1+246 346

Set hairline on 0.16530n Cread 2x = 0.1668 on Th, from which x = 0.0834.
From formula (Vb)

Now by (Va), tanh 2x =

g _ 2(=154) —308
Ny ="1_"946 — 146

Set 2.11 on C and read 64.6° on lower T. Thus 2y = 64.6°

or 64.6 + 180° = 244.6° then y = 32.3° or 122.3°. Suppose that other

known conditions about the line suffice to determine thar y = 122.3° is
the proper value. Then 30y = 0.0834+ j122.3°, or, since 122.3° = 2.135
radians, 30y = 0.0834 + ; 2.135, whence vy = 0.00278 + 7 0.0712. To
change this to polar form, set right C index on 712 of D, move hairline

to 279 of D, and note that 0.0712/0.00278 = 25 approximately. Hence

read ¢ = 2.24° on ST, and find @ = 90 — ¢ = 87.76°. The value of
this p is nearly 0.0712, or about 0.0713. Hence

v = 0.0713 /87.76°.

= 2.11
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PART 9. CIRCULAR FUNCTIONS OF
COMPLEX ARGUMENTS

By means of the formulas on page70the following relations may be

proved:
sin (x + fy) = sin x cosh'y + j cos x sinh y,
cos (x + jy) = cos x cosh y — j sin x sinh y.

The analogies between these results and those for sin (x + y) and
ces (x + y) in trigonometry should be carefully noted. Observe also that
here the x is associated with a circular function and the y is associated with
a hyperbolic function.

These formulas express the sine and cosine of a complex argument as a
complex number in terms of its components.

If sin (x + jy) is to be expressed as a complex number in polar form,
reasoning similar to that on page 71 leads to the analogous results:

h

VI (a) tan 6 = t::_l x}',
sin x cosh

(b) b= cos 0 .

Moreover, p =+/sin 2x + sinh %, and this formula may be used as a
check or as the basis of an alternative method of computing p from the
expression p /6. = sin x + 7 sinh y.

Similarly, if cos (x+ fy) is to be expressed as a complex number in
polar form, first find p and 6 for the conjugate variable —x —jy in
cos (x — jy) by the following formulas:

VII (a) tan 6 = tan x tanh y,
sin x sinh y
() P~ "sing

Then cos (x + jy) = p /9.

Finally, tan (x + jy) may be readily found by finding the sine and
cosine in polar form and taking the quotient.

The close analogy between these formulas for circular functions and the
corresponding ones for hypstbolic functions enables the computer to use
similar methods of calculation. In the case of hyperbolic functions, the
x of x + jy is associated with a hyperbolic function. Symbolically, x is
preceded by an h, as in sinh x. In the case of the circular functions, the
y of x + jy is associated with a hyperbolic function, or symbolically, is
preceded by an h, as in sinh y. An adjustment of algebraic sign is called
for in the case of the cosine.
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ExAMPLES:

(2) Find sin (30° + 7 0.48). With C and D indices together, set indicator
on 0.48 of Th. Move slide until 30° on T is under hairline. Note tanh
0.48/tan 30 = 0.774, approximately. Move indicator to C-index, and then
bring indices together, reading 6 = 37.7° on T. Or, move indicator to
0.774 on C and read  on T.

Set indicator on 0.48 of Sh; move slide until 0.48 on Th is under hairline;
move indicator to sin 30° on S; move slide until § = 37.7° on S (reading right
to left) is under indicator. Read p = 0.707 on D at right C-index. Then
sin (30° + 7 0.48) = 0.707 /37.7°.

(b) Find cos (30° + ;7 0.48). With C and D indices together, set indicator
on 0.48 of Th; move right index of slide under hairline, then move hairline
to 30° on T. Bring indices together, and read § = 14.45° on T.

Set indicator on 0.48 of Sh; move slide until 14.45° on S is under hairline;
move/ indicator to 30° on S; read p = 1 on D. Then cos (30° 4 ; 0.48)
= 1/—14.45°

(c) Find tan (30° + 7 0.48). From examples (a) and (b) above:

sin (30° + 7 0.48) _ 0707 /37.7°
cos (30° +70.48) 1/—14.45°

tan (30° 4 7 0.48) = = 0.707 /52.15°

If z = x + jy is to be found so that sin z = # + jv or cos z = # + jv,
methods similar to those outlinedon page 83yield the following formulas
from which x and y may be found.

U, -V,
VIII (a) sin x = —5 where
U=+ + 1)+ 2and V., =+ (z — 1)? + ¢*
(b) sinh y = v/cos x
IX (a) cos x = —C—;—-—XC, where U, and V. are defined as above.
(b) sinh y = »/sin x
_ 2u
X (a) tan 2x—1 — 5
2v
(b) tanh 2y = 7 e

ExXAMPLES:
(a) Find z = x + jy if sin z = 0.707 /37.7°
Here # = 0.558; v = 0.431

sinx = {A/1.5587 + 0.431? — \/0.442° 1 0.431?} /2

= (1.617 — 0.617)/2 = 0.500
Then x = 30°, and sinh y = 0.431/cos 30°, y = 0.48
Thus x + jy = 30° 47 0.48
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(b) Find z = x + jy if cos (x + jy) = 1 /—14.45°
Here z = 0.967; » = — 0.2495

cos x = {V/(1.967)? + ( — 0.2495) —1/0.033* + ( - 0.2495)2} /2

(1.984 — 0.251) /2 = 0.866 = cos 30°

. — ( — 0.2495)
sinh y = < 30° = 0.499
Then x = 30°, y = 0.480, and z = 30° + 7 0.48
(c) Find x + jy if tan (x + fy) = 0.707 /52.15°
First find # = 0.707 cos 52.15° = 0.433, and
v = 0.707 sin 52.15° = 0.557.

Then tan (x + jy) = 0.433 4 7 0.557, and p* = 0.5

2 (0.433)
tan 2x = ——1-—_—0‘5- = 1.732
Hence 2x = 60° and x = 30°. Continuing,
2 {0.557) T
TR 2y = 0.96 on Th,
tanh 2y 1108 0.743, which yields 2y = 0.96 on

and hence y = 0.48. Finally, x 4 jy = 30° 4 ;7 0.48 ot
0.524 + ;7 0.48, if 30° is changed to radians.
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PART 10— One-Step solution of “Tweo sides and
included angle triangle’” problem through
use of Double T Scale

The “swo sides and the included angle triangle” problem can be solved by a
single setting of the Model 2 or 4 rule. Using the following diagram, note that

h=csinA=mtnA=ntanC=asinC,m+n=Db,and b is greater
than ¢.  This formula can be written in the form:

Erl_é_tanA_tanC‘_sinC h

1 1 1 1 1
C m n a

SOLUTION: Put A on S over ¢ on DI; move hairline over A on T and

read m on DI subtract m from & giving 7; over 7 on DI read C on T; under
Con Stead 2 on DI; over 1 on D read 4 on C. '

It will frequently be necessary to interchange end numbers of the T scale
since it is a double length scale. Since such an operation is not considered
an operation on the rule, only a single setting has been made.

ExAMPLE:
Given c=428, b=537, A=32.6°. Find C and a.

sin 32.6° tan 32.6° tan C sin C h
1 1 11 1

428 m n a

1. Put 32.6 on S over 428 on DI.
2. Under 32.6 on T read = (=361) on DI. Then n=537— 361=176.
3. Interchange end numbers of the T scale.

4. Over 176 on DI read C (=52.7°) on T. Depend on a diagram to know
which part of the T scale to select.

5. Again interchange end numbers of the T scale.
6. Under 52.7 on S read « (= 290) on DL
7. If b is desired, read 4 (=231) on C over index of D.
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MODEL 600-ES (Pocket) LOG LOG SPEED RULE
22 Scales in Synchro-Scale Back-to-Back

Design.
Size 6” x 1-3/32” x 3/32”. Weighs 1 ounce.

Boxed in Transparent Envelope in Saddle-
Leather Clip-Case complete with Instruction

Manual.
{921

MODEL 600 LOG LOG 6-INCH POCKET

Designed and engineered with all modern improve-
ments for extreme accuracy, fast operation, easy slider
action and permanent dimensional stability.

1 - Reciprocal Log Log scales in modern SYNCHRO-
SCALE Design for faster more accurate readings.

2 - C and D scales on both sides to avoid turning
rule over.

3 - Inverse scales on both sides for faster figuring.

4 - All scales decimally divided and refer to C and

D scales.

Top Grain Saddle-
Leather Case fits
shirt or vest pocket
like a pen or pencil.
Patented Pocket-
Clip prevents case
falling out. Rule is
protected, yet in-
stantly available.
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HOW TO ADJUST

I'nch rule is accurately adjusted before it
luaves the factory. However, handling dur-
Ing shipment, dropping the rule, or a series
of jars may loosen the adjusting screws
and throw the scales out of alignment. Fol-
low these simple directions for slide rule
adjustment.

ALIGNMENT OF
RULE BODY

1. Position your slide rule so that the
adjusting screws in the two end-
plates are up and away from you.

2. Loosen the two end-plate screws to
achieve slight flexibility in the rule.

w

. Position the slider (or center part of
the rule) so that its left index is
aligned with the index on the fixed
stator (at the bottom of the rule).
4. Keeping the slider aligned, position

the movable stator (at the top of the
rule) so that its index is aligned with
the slider.

. With thumb and forefinger, apply
slight pressure to the left side of the
rule, and tighten the screw. (Leave a
small gap between the slider and
stators to achieve smooth rule move-
ment; approximately .003".)

Apply slight pressure to the right
ulde of the rule and tighten that
ndjusting screw—again leaving a
umall gap.

~

Confirm alignment on the reverse
side of the rule.

ALIGNMENT OF
WINDOW ASSEMBLY

|. Loosen all screws on both sides of
the window assembly to make the
assembly flexible.

Working on one side of the rule,
locate the unsprung cursor bar; e.g.,
the bar that does not have a tension
upring. (Cursor bars are the opaque
leflon components that ride on the
atge of the rule))

lsing thumb and forefinger, apply
upward pressure to the bottom of
the unsprung bar—so that it rests
flrmly against the rule’'s edge.

Also position the window so that the
hairline is perpendicular to the index
lines on the left side of the rule.
[lghten the screw(s) in the unsprung
hur, Leave the other screw(s) loose.

YOUR SLIDE RULE

5. Turn the rule over and repeat the
preceding steps:

a) Apply pressure against the cur-
sor bar which has no spring.

b) Make certain the hairline is per-
pendicular to the left index.

c) Tighten the screw(s) in the
unsprung bar.

6. Continuing on the same side of the
rule, tighten the screw(s) in the cur-
sor bar, which is spring-loaded.

7. Reverse the rule and tighten the
remaining screw(s) in the spring-
loaded bar.

8. Move the window to the opposite end
of the rule to confirm alignment with
the right-hand index.

REPLACEABLE ADJUSTING SCREWS All
Pickett All-Metal rules are equipped with
Telescopic Adjusting Screws. In adjusting
your rule, if you should strip the threads
on one of the Adjusting Screws, simply
“push out” the female portion of the
screw and replace with a new screw obtain-
able from your dealer, or from the factory.
We do not recommend replacing only the
male or female portion of the screw.

HOwW TO KEEP
YOUR SLIDE RULE
IN CONDITION

OPERATION Always hold your rule between
thumb and forefinger at the ends of the
rule. This will insure free, smooth move-
ment of the slider. Holding your rule at the
center tends to bind the slider and hinder
its free movement.

CLEANING Wash surface of the rule with
a non-abrasive soap and water when clean-
ing the scales.

LUBRICATION The metal edges of your
slide rule will require lubrication from
time to time. To lubricate, put a little white
petroleum jelly (Vaseline) on the edges and
move the slider back and forth several
times. Wipe off any excess lubricant. Do
not use ordinary oil as it may eventually
discolor rule surface.

LEATHER CASE CARE Your Leather Slide
Rule Case is made of the finest top-grain
genuine California Saddle Leather. This
leather is slow-tanned using natural tan-
bark from the rare Lithocarpus Oak which
grows only in California. It polishes more
and more with use and age. TO CLEAN
YOUR CASE and keep the leather pliable
and in perfect condition, rub in a good
harness soap.
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